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A poet once said, “The whole universe is in a glass of wine.” We will probably
never know in what sense he meant that, for poets do not write to be understood.
But it is true that if we look at a glass of wine closely enough we see the entire
universe. There are the things of physics: the twisting liquid which evaporates de-
pending on the wind and weather, the reflections in the glass, and our imagination
adds the atoms. The glass is a distillation of the Earth’s rocks, and in its compo-
sition we see the secrets of the universe’s age, and the evolution of stars. What
strange arrays of chemicals are in the wine? How did they come to be? There
are the ferments, the enzymes, the substrates, and the products. There in wine is
found the great generalization: all life is fermentation. Nobody can discover the
chemistry of wine without discovering, as did Louis Pasteur, the cause of much
disease. How vivid is the claret, pressing its existence into the consciousness that
watches it! If our small minds, for some convenience, divide this glass of wine,
this universe, into parts — physics, biology, geology, astronomy, psychology, and
so on — remember that Nature does not know it! So let us put it all back together,
not forgetting ultimately what it is for. Let it give us one more final pleasure: drink

it and forget it all!

Richard Feynman
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In this thesis, we study the phase space for the Einstein-Yang-Mills equations
on an asymptotically flat manifold. The phase space is defined as a Hilbert man-
ifold, which is modeled on weighted Sobolev spaces. We use an implicit function
theorem argument to prove that the space of solutions to the constraint equations
is a Hilbert submanifold of the phase space; this is equivalent to the statement
that the Einstein-Yang-Mills constraints on an asymptotically flat manifold are

linearisation stable.

It is then shown that the energy, momentum, charge and angular momentum
are smooth maps acting on the constraint submanifold. This framework allows
us to prove that the first law of black hole mechanics provides a condition for
initial data to be stationary, in two distinct cases: when the Cauchy surface has
an interior boundary, and when it does not. Both cases are established using a

Lagrange multipliers argument.
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Conventions

We use the signature convention, (—,+,+,+), whenever we discuss Lorentzian

metrics.

We use the following conventions for indices on tensors considered over dif-

ferent bundles:

3-dimensional manifold || Latin lower case, mid-alphabet 1,7, ...

4-dimensional manifold || Greek lower case, mid-alphabet — p, v...

n-dimensional Lie algebra || Latin lower case, early alphabet a,b...

(4 + n)-dimensional principal bundle || Greek lower case, early alphabet «;, f3...

By an abuse of notation, we will write £ = (£°,&%,£%) = (€, £%) to indicate
an object that is to be identified with a tensor over the (4 4+ n)-dimensional bun-
dle, and use the index to distinguish between components. For example, we will

consider £° as a scalar function &' as a vector field over the related 3-manifold.

The second fundamental form of a spacelike hypersurface is K;; = V;n;,
where n/ is the future pointing unit normal. This sign convention differs to that
used in numerical relativity, but appears to be more prevalent in the geometric

analysis community.
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Chapter 1

Introduction

There is no certainty in sciences where one of the
mathematical sciences cannot be applied, or which are

not in relation with these mathematics.

Leonardo da Vinci

One of the most remarkable discoveries in the history of general relativity
is the duality between the laws of thermodynamics and the laws of black hole
mechanics [8, 14, 15, 39]. It is nearly impossible to discuss many interesting ideas
in modern physics without at least a mention of the laws of black hole mechanics:
Hawking radiation, the information paradox and the recent ideas surrounding
black hole firewalls, to name a few. Through this duality, we are able to discuss

the thermodynamic properties, such as entropy and temperature, of a black hole.

In 1992, Sudarsky and Wald [57] discussed the first law of black hole me-
chanics in the context of Einstein-Yang-Mills theory. Among other things, they
noted that certain surface integrals, associated with the Hamiltonian, were closely
related to the first law. It was argued that the differential relationship pertaining
to the first law should provide a condition for stationarity of the Einstein-Yang-
Mills equations. Their argument is based on earlier work by Brill, Deser and

Fadeev [17], who proposed a condition for stationarity in the pure Einstein case.
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Brill, Deser and Fadeev argued that stationary solutions were exactly those solu-
tions that extremise the ADM mass on the space of solutions. Both arguments
were based on the method of Lagrange multipliers, however neither provided the
mathematical machinery required to make such an argument rigorous. The essen-
tial missing ingredient, to develop this argument into a mathematical proof, is a

manifold structure for the space of solutions.

In 2005, Bartnik provided such a Hilbert manifold structure for the space of
solutions to the Einstein constraints, and from this a complete proof of the Brill,
Deser and Fadeev argument was given [11]. At first this appears to contradict the
argument of Sudarsky and Wald, since we have that a solution is stationary if and
only if the condition dm = 0 is satisfied. However, the case considered by Bartnik
has no Maxwell or Yang-Mills fields, and the initial data manifold has a single

asymptotic end with no interior boundary, so the first law reduces to dm = 0.

This thesis provides a Hilbert manifold structure for the space of solutions
to the Einstein-Yang-Mills constraints, and establishes an analogous condition for
stationarity in this case. We then examine the case where the initial data manifold
has a closed 2-surface interior boundary, and demonstrate that the usual expression
of the first law gives a condition for stationarity. The Hilbert manifold structure
provided for the space of solutions is equivalent to the condition of linearisation
stability, which was studied in detail in the 1970s for the case where the manifold
was compact without boundary [1, 2, 32]. That is, the results here establish
linearisation stability for the Einstein-Yang-Mills constraints on an asymptotically

flat manifold.

The outline of this thesis is as follows. Chapter 2 gives background and
context to this work; we introduce the initial data formulation of general relativity
and the Einstein-Yang-Mills equations, then briefly discuss the laws of black hole
mechanics and the property of linearisation stability. Chapter 3 provides a short

summary of known results pertaining to the weighted Sobolev spaces that the
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phase space Hilbert manifold is modeled on. The weighted inequalities contained
therein are the basis of many of the estimates to follow. The crux of the thesis
begins with Chapter 4, where we construct the phase space and prove that the
space of solutions to the constraints is a Hilbert submanifold of this phase space.
The relevant definitions of mass, charge and angular momentum are collected in
Chapter 5 and we prove they are smooth functions on the constraint submanifold.
In Chapter 6, we finally get to the first law of black hole mechanics where two
cases are discussed separately: when horizon terms are present, and when they are
not. In both cases, a new Hamiltonian is introduced a la Regge and Teitelboim
[50], which behaves as a Lagrange function. Then a Lagrange multipliers argument

demonstrates that the first law gives a condition for stationarity.






Chapter 2

Background

But what is your final goal, you may ask. That goal
will become clearer, will emerge slowly but surely, much
as the rough draft turns into a sketch, and the sketch
into a painting through the serious work done on it,
through the elaboration of the original vague idea and
through the consolidation of the first fleeting and passing
thought.

Vincent van Gogh

2.1 The Einstein Constraint Equations

The Einstein field equations (2.1) are a system of ten partial differential equations
(PDEs), relating matter to the curvature of spacetime, and are the core of general
relativity. The source matter is described by a symmetric two-tensor, 7},,, known
as the stress-energy tensor, and one solves the field equations,

(2.1)

Iz

1
Ry — §4R4gw, = 87T,

for a Lorentzian metric, %g,,, on a differentiable 4-manifold, V. In the above, ‘R,

is the Ricci curvature and R is the scalar curvature of 4.

5
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Similar to other physical theories, the Einstein equations can be recast as
an initial data problem in the form of a Hamiltonian system. This is particularly
useful when one is concerned with the space of solutions, or finding particular
solutions, as it reduces the number of equations from ten down to four constraints.
This also allows one to work with Riemannian geometry, rather than Lorentzian
geometry. The idea of a Hamiltonian formulation of general relativity gained
significant popularity when Dirac [29, 30] lay groundwork in the pursuit of a
quantum theory of gravity. While half a century later we are still without a
quantum theory of gravity, the Hamiltonian formulation has found many uses in
the study of classical general relativity. The Hamiltonian framework generally
used now is due to Arnowitt, Deser and Misner [3, 4, 6], and is closely related
to the mass definition given by the same authors [5]. This formalism and mass
definition is known as the ADM formalism and ADM mass respectively. The ideas

behind the ADM formalism are outlined below (see also [6, 38]).

In order to recast the field equations (2.1) as an initial data problem, we must
first interpret “time evolution” in the context on general relativity; that is, we
must split spacetime into “space” and “time”. Let (%, 4g) be a globally hyperbolic
spacetime, so that it can be foliated by spacelike hypersurfaces, V' = (J_ M,
where each M, = t~!(7) is the 7 level surface of some time function, . The time
evolution vector is then a future-pointing timelike vector ¢#, such that t#dt, =1,

and time derivatives are interpreted as Lie derivatives with respect to t*.

Given a spacelike hypersurface, M, initial data for the Einstein equations
is the induced 3-metric, g, and second fundamental form, K, on M,,. We also
make use of the decomposition t* = Nn* 4+ X*, where n is the future-pointing
unit normal to M, and X is tangential to M,,. This allows us to view t* as data
on M, . The quantities N and X are called the lapse function and shift vector

respectively and we often call t* the lapse-shift 4-vector.

If g is to satisfy the field equations (2.1) then obviously g and K cannot
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be arbitrary, and in fact must also satisfy some geometric constraints. The Gauss
and Codazzi equations can be used to write the curvature of g in terms of the
curvature of % and K. From this it can be shown that a solution to the field

equations must impose the following constraints.

R(g) — KYK;; + (K})?* = 167 Ty, (2.2)

where R(g) is the scalar curvature of the induced metric and the zero index refers
to a projection of the stress-energy tensor normal to the initial data surface. The

remaining Einstein equations give the evolution equations,

519 =Lxgi — 2N Ky, (2.4)
0
— 2K, K} + Ax[Tl g, — 2T35)), (2.5)

where T' is again the source stress-energy tensor and we use L to denote the Lie
derivative. Note that the lapse and shift are not constrained by these equations;

they simply correspond to a coordinate choice, and are freely specifiable.

Now consider the constraint equations (2.2), (2.3) on an arbitrary 3-manifold,
M, where g is a Riemannian metric and K is simply some symmetric covariant
2-tensor. Omne naturally may ask if it is then possible to find a unique solution
to the Einstein equations, in which (M, g) embeds isometrically with K as the
second fundamental form. Remarkably, for suitably regular (g, K'), this has been
answered in the affirmative. In 1952, Choquet-Bruhat (then Foures-Bruhat) [35]
established the existence result, and uniqueness was settled in her joint work with
Geroch [23] in 1969. For this reason, one may consider solutions to the constraints
rather than solving the full Einstein equations when looking for solutions. The

weakest regularity assumptions on the initial data to ensure the Cauchy problem is



Chapter 2. Background 8

well-posed, is due to recent work of Klainerman, Rodnianski and Szeftel [44]. This

2
loc)

requirement for well-posedness is R(g), V(K) € Lj, ., which may be guaranteed by

imposing the condition (g, K) € W2* x W22,

loc loc

If one were to interpret the 3-metric as the position variable in the Hamilto-

nian formulation, then the associated momentum variable is given by
7 = (KY — Kig) 3. (2.6)

The phase space for the Einstein equations is given by pairs (g, 7), with suitable
regularity and asymptotics prescribed. Hamiltonians will be discussed in greater

detail in Chapter 6.

2.2 The Einstein-Yang-Mills Equations

The matter, serving as the source for the field equations, is also governed by a
system of equations. Since these equations are defined on a curved spacetime, the
matter fields themselves are affected by the geometry of the spacetime; in this
case, we say the systems of equations are coupled. For example, both Maxwell’s
equations, and the stress energy tensor for electromagnetism in curved spacetime,
depend on the metric. This corresponds to photons being affected by the curvature,
while the energy of the electromagnetic field causes curvature itself. Here we are
interested in the case where the matter source comes from Yang-Mills fields, a

generalisation of the electromagnetic field.

Electromagnetism is a gauge theory with a U(1) symmetry, where Yang-
Mills theory is a gauge theory with any compact Lie group as the gauge group.
Introduced in 1954 by Chen Ning Yang and Robert Mills [60], Yang-Mills theory
is of particular interest to physicists as the standard model of particle physics is a

quantum Yang-Mills theory, with U(1) x SU(2) x SU(3) gauge symmetry. There
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has been a significant interest in coupling Yang-Mills fields to gravity since the
discovery of the Bartnik-McKinnon particle-like solutions [12, 55] and coloured
black holes [16, 54|, as there are no analogous solutions for the Einstein-Maxwell

system.

Let G be some compact Lie group with Lie algebra, g; this will be the
gauge group for the Yang-Mills fields. The geometric structure describing Yang-
Mills fields is a principal G-bundle, P, over the spacetime, %V, equipped with a
connection one-form, w. We can pullback w, via a local section ¢ : U — P, to

obtain a g-valued one-form on U C M,
N = (w). (2.7)

This quantity is called the gauge potential and describes the Yang-Mills field in
the gauge specified by the choice of . Another important quantity in Yang-Mills

theory is the curvature of the connection, given by
Qi=dw+wAw, (2.8)
which is pulled back via ¢ to the field strength tensor,
F =), (2.9)
a g-valued two-form on U. In local coordinates on M, we write

Fi, =V, AL — V, A% 4+ Cp AL AS (2.10)

(el 2

where V is the Levi-Civita connection of g, and Cj, are the structure constants
of g, which are defined by the Lie bracket: [0, x]* = C20x¢ for all 6,x € g.

Note that V can be replaced with any torsion-free connection in (2.10), as F,
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is an antisymmetric tensor. Since G is compact, g is the direct sum of semi-
simple and Abelian Lie algebras. It follows that the negative of the Killing form
provides an adjoint-invariant positive definite inner product on the semi-simple
factor, while the usual Euclidean inner product suffices on the Abelian factor.
This inner product, which we denote by ~, is used to identify g with g*, the Lie

coalgebra.

In coordinates, the source-free Yang-Mills equations are given by

g (V,FL, + CrAVFS ) = 0. (2.11)

P~ pv

The Yang-Mills equations are often considered on a fixed background, in which
case g in (2.11) is fixed. However, by inserting the Yang-Mills stress-energy tensor,
T = L wpmpy, - L e o) (2.12)

- An Y a bp 49 a po ) :
into the Einstein equations as the source term, and insisting that ¢ in (2.11) solves

the field equations, the equations become coupled. This coupled system, (2.1) and
(2.11) with T given by (2.12), form the Einstein-Yang-Mills equations.

Initial data for the Yang-Mills equations is a pair (A, €), where the Hamilto-
nian position variable, A, is the orthogonal projection of A4 onto the initial data

surface, and the associated canonical momentum variable is

e = —AEL/g = —AF/g;

negative four times the Yang-Mills electric field density, as viewed by a Gaus-
sian normal set of observers for the initial data slice. We will use both E and ¢
throughout this thesis, as it will often be more illuminating to express things in
terms of the electric and magnetic fields, rather than A and . The Yang-Mills

magnetic field density, B, also viewed by a Gaussian normal set of observers, is
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defined analogously to the electromagnetic case. We write

T 1
B, = §7ab6”kFka = §%b€”k(vjf12 — Vi Aj + [4;, A, (2.13)

where € is the Levi-Civita symbol; a completely antisymmetric tensor density of
weight 1. The Yang-Mills equations impose additional constraints on the initial

data, analogous to the Gauss law in electromagnetism:
V,E] + CHALE] = dmp,, (2.14)

where the source term, p, is a g-valued function on M, corresponding to the

Yang-Mills electric charge density.

The Yang-Mills initial data evolves according to

0 1
oAl = Lx Al + Zngg_l/z — Vv,V - Abve (2.15)
d

&63 = Lxel, — €77(V;(NBarg™'?) + Care NBgALg™'?) — ClELVE,  (2.16)
where we have assumed no 3-current source term. By inserting the Yang-Mills
stress energy tensor (2.12) into (2.2) - (2.5), the constraint and evolution equations

for the coupled system are obtained.

In the published literature, the weakest regularity assumptions to ensure that
the Yang-Mills Cauchy problem on a curved background is well-posed, are due to
Chrusciel and Shatah [24]. Specifically, it is required that the initial data have
x H?

loc*

local regularity, (A, E) € H}

P However, a recent preprint of Ghanem [36]

improves this to the same regularity required for data on a Minkowski background,

(AE) € H}

loc

x H}

loc

31, 43).

The phase space for the Einstein-Yang-Mills equations considered here is

tuples, (g, A, m, €), with local regularity H?> x H? x H! x H! and appropriately
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prescribed asymptotics. This is, we have sufficient regularity for each of the Ein-
stein equations and Yang-Mills equations to have well-posed Cauchy problems, so
one would expect that the coupled system is also well posed; however, to the best

of the author’s knowledge this has yet to be explicitly demonstrated.

Throughout this work we primarily concern ourselves with the constraint

equations and make very little reference to the underlying G-bundle.

2.3 Black Hole Mechanics

It is universally known that entropy is a non-decreasing function of time. As such,
a system with high entropy collapsing to a black hole, which is characterised by
only a handful of parameters, may give pause. However, this apparent paradox is
resolved by the advent of black hole thermodynamics and the remarkable results of
Bardeen, Carter, Hawking [8] and Bekenstein [14]. Hawking’s area theorem states
that the surface area of spacelike cross-sections of a black hole’s event horizon is
non-decreasing with time. Bekenstein then proposed a generalised second law [15]
of thermodynamics, stating that the usual thermodynamic entropy plus a multiple
of the horizon area is non-decreasing with time. This new measure of entropy now

bears both of their names: Bekenstein-Hawking entropy.

By considering quantum field theory on a black hole background, Hawking
demonstrated another remarkable property of black holes; namely, that they ac-
tually radiate energy [39]. A black hole emits electromagnetic radiation as would
a black body, with temperature proportional to the surface gravity of the black
hole. It may seem tenuous to call this a duality between the laws of thermo-
dynamics and black hole mechanics, but the relationship is much stronger than
this. Bardeen, Carter and Hawking described the following four laws of black hole

mechanics entirely analogous to the regular laws of thermodynamics:
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The Zeroth Law of Thermodynamics. A system in equilibrium has constant

temperature throughout.

The Zeroth Law of Black Hole Mechanics. A stationary black hole has con-

stant surface gravity.
The First Law of Thermodynamics. For any perturbation to a system in
equilibrium, the following differential relationship is satisfied:

dE =TdS — PdV, (2.17)
where E is the energy, T is the temperature, S is the entropy, P is the pressure
and V' 1s the volume.

The First Law of Black Hole Mechanics. For any perturbation to a stationary

black hole, the following differential relationship is satisfied:
dm = 8idA + QAT +V - dQ, (2.18)
T

where m is the mass, k is the surface gravity, A is the horizon area, §) is the
angular velocity, J is the angular momentum, V s the electric potential and @) is

the electric charge of the black hole.

The Second Law of Thermodynamics. The entropy of an isolated system

never decreases.

The Second Law of Black Hole Mechanics. The horizon area of a black hole

never decreases.

The Third Law of Thermodynamics. [t is impossible to reduce the temperature

of a system to zero in finite time.

The Third Law of Black Hole Mechanics. It is impossible to reduce the

surface gravity of a black hole to zero in finite time.
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All four laws are included to motivate the duality, however it is the first law
that is the main focus of this work; the zeroth law is also briefly mentioned in
Chapter 6. When the laws are stated, it is often implicit that one is considering
only pure Einstein black holes or Einstein-Maxwell black holes. However, the laws
as stated above, are unchanged in the Einstein-Yang-Mills case, which is the case
considered in this work. In fact, there are also versions of these laws when gravity

is coupled to other fields [40, 52].

2.4 Linearisation Stability

The property of linearisation stability is concerned with the validity of first order
perturbation theory. Suppose F(z) = ¢ is a system of equations with a known
solution, z = xy. First-order perturbation theory is a method to give approximate
solutions nearby x¢. If y is a solution to the linearised equation DF,[y] = 0 then
x = xo+ ey is expected to be an approximate solution to F(x)=c, for small epsilon.
The system F'(z) = c is said to be linearisation stable at xq if for every solution,
y, to the linearised equation, there exists a curve of solutions z(t) with z(0) = z
and 2/(0) = y. This is equivalent to the condition that the level sets, F~!(c), have

a manifold structure.

The first-order perturbation theory is often used in place of the full Einstein
equations to describe weak gravitational fields such as gravitational waves [34], or
may be used to discuss stability of solutions under perturbations [51]. Naturally,
it is then important to ensure that the Einstein equations are indeed linearisation

stable.

Linearisation stability was first established for perturbations to Minkowski
space by Choquet-Bruhat and Deser in 1973 [22]. Then in the same year, Fischer
and Marsden established linearisation stability for generic solutions with a com-

pact Cauchy surface [32], however linearisation stability fails for some exceptional
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solutions. These exceptional solutions were subsequently shown by Moncrief to be
exactly when the Cauchy development contains a Killing vector field [48]. These
results were then extended by Arms to the Einstein-Maxwell [1] and Einstein-

Yang-Mills [2] cases, in 1977 and 1979 respectively.

Linearisation stability has also been studied in many other contexts, includ-
ing gravity coupled to self-gravitating scalar fields [53] and cosmological models
[18, 19]. Of particular interest, is the case where the Cauchy surface is an asymp-
totically flat manifold, as these solutions represent isolated gravitating systems.
This case was not established until 2005 by Bartnik [11]!, and unlike compact case,

the asymptotically flat case is linearisation stable at all solutions.

The results in Chapter 4 prove linearisation stability for the Einstein-Maxwell
and Einstein-Yang-Mills constraints on an asymptotically flat manifold. This es-
sentially fills a gap in the collection of works by Fischer, Marsden, Arms and

Bartnik.

LAt the time of publication, existence and uniqueness results for the regularity class used
in Bartnik’s work was not available, however it was mentioned that this work would imply
linearisation stability given such results were established. The recent resolution of the bounded
L? curvature conjecture [44] provides exactly such existence and uniqueness results.






Chapter 3

Weighted Sobolev Spaces

The maracle of the appropriateness of the language of
mathematics for the formulation of the laws of physics
18 a wonderful gift which we neither understand nor

deserve.

Eugene Wigner

It is well known that Sobolev spaces are a natural setting for the study
of PDEs. Unfortunately, several key properties of Sobolev spaces on bounded
domains do not carry over to unbounded domains. Let W’“’p(Q) be the completion
of C>(€) with respect to the usual W?%? norm, where Q C R is bounded with
smooth boundary. It is well-known that the Laplacian has nice mapping properties
bounded domains; however, the map A : W22(R") — L%(R") does not even have

closed range.

The weighted Sobolev and Lebesgue spaces, introduced by Cantor [20], are
often more appropriate spaces for the study of PDEs on unbounded domains; for
example, when considered as a map between these spaces, the Laplacian is indeed
Fredholm, A : W;?(R") — L3 ,(R™) [21, 47]. This fact will be particularly im-
portant in the proof of Theorem 4.15. In this Chapter, we introduce the weighted
Lebesgue (LY) and Sobolev (VV;f ) spaces, and some useful results pertaining to
them.

17
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The definitions and results presented here are for weighted spaces on R”,
however this is simply for the sake of presentation. As the weights are only signif-
icant near infinity, these results clearly hold for an asymptotically flat manifold in
the sense of Chapter 4. Defining the spaces on R” simply allows us to reserve the
introduction of asymptotically flat manifolds for the following Chapter. Most of
the results presented here are well-known and are frequently used in the study of
asymptotically flat manifolds. It is useful to collect these results together in one

place for reference.

Define the weighted norms,

(ool - 7nden) 2 < o

el = , (31)
ess sup(r—°|ul), p =00
Rn
k
lllps = D 10 wlps-jan; (3.2)
|ar|=0

where 7(z) = y/1+ [2[? and « is a multi-index, in the usual sense. The spaces
LP(R™) and W}*(R") are then defined as the completion of C2°(R") with respect
to these norms, respectively. Weighted spaces of sections of bundles are defined in
the usual way. Intuitively, these spaces are function spaces with local regularity
LP and W*P_ which behave like o(r?) at infinity and whose derivatives decay
appropriately. We will often omit reference to R"™, the manifold, or the bundle
that we are taking sections of, and simply write the spaces as Wf P when there is

no risk of confusion.
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The following weighted versions of standard inequalities (see, for example,

9, 21]) will be used frequently throughout this thesis:

Proposition 3.1 (Lebesgue embedding). If 1 <p < q <00, 03 <01 and u € L,
then

< c|lull (3-3)

]

p,§1 q752 )

and therefore Lj C L .

Proposition 3.2 (Hélder’s inequality). If u € Lj, v € L3, and 0 = 6, + 0y,
1 <p,q,s < o0, then

[wvll,s < llullgs, Ioll.s, (3-4)
where 1/p=1/q+ 1/s.

Proposition 3.3 (Interpolation inequality). For any € > 0, there is a constant,

c(€), such that for all u € WP,

llly 5 < € lltellyy s+ clO) [lull, s, (3.5)

for1 <p< .

Proposition 3.4 (Sobolev inequality). If u € W, then

||U||np/(n—k:p),5 <c ||U||1<;,q,5 (3.6)

for q satisfying p < ¢ < np/(n — kp).

If kp > n then

[ullsos < cllullip.s- (3.7)

Remark 3.5. The four inequalities above are all valid when the integrals, defining

the norms, are taken over bounded domains.



Chapter 3. Weighted Sobolev Spaces 20

Proposition 3.6 (Poincaré inequality). For any u € W(sl’p, 0 <0, we have

[ullps < cllOullps-1- (3-8)

There is also a weighted version of the Rellich compactness theorem, which

we require for the proof of Theorem 4.15.

Proposition 3.7 (Rellich compactness). For ky > ko, 01 < 02 and 1 < p < o0,

the inclusion Wgt* C Wg** is compact.

We also need some results that are specifically tailored to our particular
problem. When integrating a divergence over the whole manifold, the divergence
theorem gives boundary integrals “at infinity”, which are to be understood in
the sense of a limit. While some of these boundary integrals will correspond
to physically relevant quantities, others are essentially irrelevant. The following
Proposition from [11] allows us to control these terms that are not physically

relevant.

Let Bg be the open ball of radius R centred at zero and define Fr = R”\B_R,
AR = BQR\B_R and SR :B_R\BR

Proposition 3.8. Suppose u € WE’;/Q(ERO) for some Ry > 1. Then u € L'(Sg)

for every R > Ry, and there is a constant ¢, independent of R, such that

7{ lu| < C\/EHUHIQ,—S/ZAR, (3.9)
Sr

where the notation in (3.9) indicates that the norm is taken over Ag.



Chapter 4

The Phase Space for the
Einstein-Yang-Mills Equations
and the Constraint Submanifold

The world s full of obvious things which nobody by any

chance ever observes.

Sherlock Holmes

Now that we have discussed the relevant background and machinery, we are
able to get to the crux of the thesis. We begin by introducing the phase space for
the Einstein-Yang-Mills equations. The results here extend Bartnik’s work on the
phase space for the Einstein equations on an asymptotically flat manifold [11], to

the Einstein-Yang-Mills case.

Alternatively, this Chapter may be viewed as an extension of Arms’ work on
the linearisation stability of the Einstein-Maxwell [1] and Einstein-Yang-Mills [2]
equations; where Arms considered the constraint equations on a compact manifold,
we consider the asymptotically flat case. Linearisation stability is briefly discussed

at the end of the Chapter.

21
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4.1 The Phase Space

We begin by defining the 3-manifold, on which our initial data is to be defined.
Let M be a paracompact, connected, non-compact 3-manifold without boundary.
Further suppose that there exists a compact set, K, such that M\ K = Ui:;l M,
where each M,, is diffeomorphic to R?® minus the closed unit ball. That is, there

exists a collection of diffeomorphisms, ¢, : M, — B;(0) € R3. We call each M,

an asymptotic end of M.

Fix a smooth background metric, g, such that g = ¢ (ggs), the pullback of
the Euclidean metric, on each M,,. Further, fix a smooth function, » > 1, with
r = |z| on each M,,. A Riemannian manifold, (M, g), with M as above, satisfying
(g —§) = o(r='/?), 0g = o(r~%/?) and 9?g = o(r~°/?), is called an asymptotically
flat manifold with N ends. We write Egr = {x € M\ K : r(z) > R} to denote
some exterior region, and define the set By = M \ Eg, which acts as a large ball
in M. We also make use of annular regions, Az = Bs R\B_R. Note that the regions

Er and Apr are each comprised of N disconnected components.

Let g be the Lie algebra of a compact Lie group, and let (A, £) be initial data
for the Yang-Mills fields as described in Section 2.2. Again, let 7 be a positive
definite inner product on g, with which Lie algebra indices are raised and lowered.
By setting g = u(1) it is clear that the results throughout this work are also valid

for the Einstein-Maxwell system.

The regularity assumptions, (g, A, m,¢) € VVlic2 X VVZQOC2 X VVlIOC2 X I/Vllof, men-
tioned at the end of Section 2.2, are motivated by the following considerations.
Two derivatives of the metric are required to make sense of the curvature, and
since 7 is in some sense a derivative of the 4-metric, we expect to need one deriva-
tive. This is also required to make sense of the momentum constraint. Similarly,

we need one derivative of the field strength tensor to make sense of the Yang-Mills

equations, which amounts to taking two derivatives of A and one derivative of e.
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The phase space is then a Hilbert manifold modelled on the weighted Lebesgue
and Sobolev spaces of Chapter 3, where the norms are defined with respect to g;

that is,

(fM || r_ép_”\/gdx”)l/p, p < 00

fal g = . (1)
ess sup(r—lu|), p =00
M
k
lallps = D IV ullps-ial. (4.2)
|| =0

For the study of asymptotically flat manifolds, it is sensible to have (g—g) € Wff /2

and therefore m € Wi’;/Q. Imposing € € Wi’32/2 enforces the usual 7%2 fall off of the
electric field in electromagnetism, however the appropriate domain for A is less
obvious. Split g into its centre, 3, and a y-orthogonal subspace, £, and decompose

Ainto A = A; + A, with A; valued in 3 and A; valued in €. We consider A to be

such that A; € sz /2 and Ag € WE’;/Q.

The decay conditions on A are chosen so that the gauge covariant derivative,
D=0+ [A,:] ~ 0+ A, behaves analogously to the usual covariant derivative
at infinity; that is, DO = 90 + o(r~3/2)f. Although it may appear somewhat
unnatural to require this condition for the analysis, such a condition is in fact
required to ensure that the total charge is well-defined [25]'. This condition also
puts the electric and magnetic fields on equal footing (see Proposition 4.3). In
the language of physics, we require that the Yang-Mills fields are asymptotic to

photon fields before vanishing.

We are now ready to define the following spaces, which formally describe the
phase space:
G: =W ,(Sa), K =W, (5 © A%,

A=W (T"M@3) @ W2 ,(T"Met), &:=W.,(TMeg @A),

1See also, the brief discussion under (5.11).
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where S, and S? are symmetric covariant and contravariant 2-tensors, and A® and
AY are volume forms and scalar functions on M, respectively. The direct sum in the
definition of A is to be understood as the internal direct sum in Wff /2 (T"M®4g),

and the norm on A is given by the usual direct sum norm,

[Alla == [|A;ll2.2,-1/2 + [[ Aell2,2,-3/2- (4.3)

Further, define the spaces

Gri={9€S|(g-9€G g>0}, Gi:={ged|\g<g<r'g},

N =12 (A X TM x g A?), N =125 5 (N’ x T"M @ A x g* @ A?),
for A > 0. The target space, N'*, is the space of source terms, and its adjoint, N,
is identified with a space vector fields on the bundle, P.

The phase space for the Einstein-Yang-Mills equations is then
F=0"xAxKxE, (4.4)

which does not depend on the choice of ¢ [11].

It is useful to note that both g and A are continuous by the Sobolev-Morrey
embedding, C%Y/2 C W22 (see, for example, [37]), and therefore the conditions
defining G* and Q/J\r are understood in the pointwise sense. In particular, if g € Q;\r
then

Mg (2)v"? < gij(z)v'v?! < NGy (a)v'? (4.5)

for all x € M and v € T, M.
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4.2 Elementary Estimates

For the sake of presentation, some elementary estimates are gathered here to be
referenced in subsequent sections. Throughout this thesis, ¢ is used to denote
arbitrary constants, which may change from line to line. The first estimate below
is very simple, however as it is used frequently throughout, it is included as a

stand-alone Proposition.

Proposition 4.1. For u € W;’Q,
[u*l2.25 < ellullf 2.6- (4.6)

Proof. Simply noting that |[u?(|25 = ([}, |u|47“*45*”dx")1/2 = |Jul|3 5, the weighted

Sobolev inequality (3.6) gives (4.6). O

Since the Riemann curvature behaves like a second derivative of the metric
and the scalar curvature is the dominant term in the Hamiltonian constraint (2.2),

the following L? /o estimates are required.

Proposition 4.2. For g € Gy,

|R(9)l2.-572 < eV | Ric(g)llo.-572 < e(N) | Riem(g) 2,572 < A 1+ [Vl 2 —s/2);

where ¢(\) is some constant depending on X\, which may vary between each in-

equality.
Proof. The Riemann curvature may be expressed symbolically as

Riem ~ Riem + g_1©29 + (9_1)2(%9)27
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where Riem refers to the Riemann curvature of g. See Appendix A for the full

expression. Making use of (3.6), (4.5) and (4.6),

| Riem(g)|la,.—s72 < c(\) (1 + [V2gllz—5/2 + [(V9)?[|2.—5/2)
<c(A)(1+ ||©9||1,2,73/2 + ||69||i2,—3/2)||

< (M1 + ||69H%,2,—3/2)-

Since the Ricci and scalar curvatures are simply obtained by taking traces, their

norms are clearly bound by ¢(\)||Riem(g)||. O

The following Proposition shows that the decay conditions on A ensure that

the electric and magnetic fields are considered on the same footing.

Proposition 4.3. If A € A, then

1Bll12-3/2 < e (1+ | AlI%) . (4.7)
and in particular, B € £.
Proof. Making use of (3.4) and (3.6),

IVBl s < ¢ (IV2Alla 572 + 1V (A6) Aell, 52

< ¢ (IV2 Al a2 + IV Al 52 Aell0)

N N

< (IV2Alla 572 + [V Adllo, 52 Aell220)

<c

~

L+ [1A%) -

The proof is completed by an application of the weighted Poincaré inequality
(3.8). O

The difference of Christoffel symbols tensor, I' := I' — f, is also useful for

several estimates. This can be controlled by the norm of ¢ as follows.
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Proposition 4.4. For g € G, A > 0 we have

T[22 < €)1+ [VgllF 5, s0)- (4.8)

Proof. Employing the standard trick of fixing a point p € M and choosing coor-

dinates such that I' = 0 and V = 9 at p, we have
~i 1 il o o o
I = 29 (Vig + Vigi — Vigir) (4.9)

at p. Since (4.9) is tensorial, its validity is independent of the coordinate choice
and as p was arbitrary the expression holds everywhere on M. Differentiating

(4.9), and making use of (4.5) and (4.6) yields

IVT |2, 572 < e(V) (H(%9)2H2,—5/2 + |W29H2,—5/2> (4.10)
< eV (IVI o0 + V2l -572) (4.11)
< (N1 + H%QH%,Q,—B/Q)' (4.12)

An application of the weighted Poincaré inequality (3.8) now completes the proof.

]

4.3 The Constraint Map

We begin by writing the left-hand side of the constraint equations, (2.2), (2.3),

(2.14), as a map acting on the phase space:

Polg, A,7,€) = (%(m’i)z - — <ée’;ez +2B5BY)) g2+ Ry

= G(W"?)Q — wim; — AESEL + BB )9 2 + Ryg,  (413)
i(g, A, 7€) = 2V — el (ViA] — VA7) + A}V el (4.14)
Palg, A, m,€) = =Vje) = CAjel, (4.15)
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where the Yang-Mills stress-energy tensor is included in the definitions of &, and
®;. This is called the constraint map and level sets of ® correspond to the sets of
solutions to the Einstein-Yang-Mills constraints, for fixed sources. Note that V is
used in place of V in (4.14) and (4.15). This is due to the antisymmetry in the
derivatives of A, and since ¢ is a vector density; any torsion-free connection may
be used here. The momentum constraint sometimes differs from the one used here
by the term, A%(V el + Cg,Abel), however this is a simply a multiple of the Gauss
constraint so adopting the alternative momentum constraint makes no difference

to the conclusions.

As it is to be shown that the level sets of the constraint map are smooth
submanifolds of F, it is required that we show that this map is indeed smooth.

For this, we first establish the following estimate:

Proposition 4.5. Suppose (g, A,m,e) € GF X Ax K x & C F for some fived

A > 0, then there exists a constant ¢(\) such that

[®o(g, A, m, €)H2,75/2 <cN(A+lg—9g 3,2,71/2 + HWHiz,fs/z

+ el a2 + 11411%): (4.16)
19:(g, A, 7, €)llg, 570 < ) ([ITll1,2,-5/2(1 + [ Valli2—s/2)

+ llello,-s/201Alla), (4.17)

1Pa(g, A7, 8)llg, 570 < (M) llelly g,—a/0 (1 + [1A]LL)- (4.18)

Proof. Making use of the pointwise bounds (4.5), and Propositions 4.1, 4.2 and
4.3,

[Po(g, A, 7,)|l2,-5/2 < c(A) (|1 Rll2,-572 + |7°[l2,=52 + l€°]l2,=52 + | B?|12,-5/2)
< C()‘)(l + ||V9||i2,—3/2 + ||7T||i2,—3/2 + ||5||%,2,—3/2
+[|BIl3 2, _s/2)

< C()‘)<1 + Vg %,2,73/2 + Hﬁ”i2,73/2 + H5||?,2,73/2 + ||AH%4);
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which establishes (4.16).

Using the weighted Sobolev (3.6) and Hoélder (3.4) inequalities again, (4.17)

is similarly obtained:

10:(g, A, 7,6) 2572 < (IVAll2ms/2 + €V All2—5/2 + | AVE |2 —5/2)
<c (|W7T||2,75/2 + 7 ll2,—5/2 + ||5||4,,5/4||@A||4,,5/4
+ | Alloc.0l Vell2,-s5/2)
<c(lImllvz-ss2 + 1T -s/allwlla-s/a + el s/l All22,-1/2)

<c(lImlho-s2(1+ 11Vl s2) + llelliz-s2ll Alla)-

Finally,
[Pa(g, A, 7 €)|l2,-572 < clllellra—s/2 + | Aella—s/allella—s5/4)
< c(llelliz—3/2 + | AellL2-s/2llell12,-3/2)
< cllefl12,-3/2(1 + [[Al2),
establishing (4.18) and completing the proof. ]

From this estimate it can be shown that ® is a smooth map.

Theorem 4.6. ® : F — N* is a smooth map of Hilbert manifolds.

Proof. It can be seen from Proposition 4.5, that ® : 7 — N* is locally bounded.
The scalar curvature can be expressed as a polynomial function in g, g~ ¢, %g and
%29 (cf. Appendix A), and therefore the constraint map can be expressed as a

polynomial function in 12 variables,
&)<gv g_la \/ga 1/\/57 6.97 %297 T, 67r7 g, %57 A? %A> = (b(ga Aa , 5)' (419)

For positive definite matrices, the maps g — 69, g @29, A %A, 9= \/9,

etc. are smooth. Further, locally bounded polynomial functions are smooth (in the
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sense of Fréchet differentiability) (see, for example, [41], Chapter 26). It follows

that ® is a smooth map of Hilbert manifolds. n

In the above we restricted ourselves to G to obtain the local bound, however
this is not necessary. We could instead express each g as (¢ — g) + ¢ and an
estimate independent of X is obtained, however the use of A simplifies the estimates

significantly.

4.4 The Operators D® and Do*

The following consequence of the implicit function theorem (see [27], Chapter VII)

is central to establishing that the level sets of ® are Hilbert submanifolds of F.

Theorem 4.7. Let f : X — Y be a C' mapping between Banach manifolds.
If Df, : T,X — Tyn)Y is surjective and has complementable kernel for all
r €S := f(c), for somec €Y, then S is a submanifold of X.

In the above, complementable kernel means that the T,X splits into the

direct sum of ker D f, and a closed complementary subspace.

Theorem 4.7 motivates an examination of the linearised constraint map,
DOy are) : TgareF — N*, and its formal adjoint, DO, 4 - In this section
we establish some results concerning D®y 4 ) and DCIDZ% Are) and we return to

Theorem 4.7 in Section 4.5.

Where there is no risk of confusion, reference to the base point, (g, A, 7, ¢),
is omitted and we simply write D® or D®*. For convenience, we use the notation
DOy are = (DPy, D®;, DP,) and DOy o) = (D@, D%, DO}, D®;). While

cumbersome to explicitly write, it is a simple computation to calculate the opera-

tors D® and D®* (cf. [2, 33]). The formal adjoint is computed by acting D® on
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a variation (h,b,p, f) € T(g .4 F, pairing it with (N, X, V) € N, and formally

integrating by parts. We arrive at the expressions,

D®[h,b,p, f] = (nfr" — 2n%* 7] — 2(ELEY + BLB))h;;9 "/

+ (griimy — 3 (xh)? + (BSEL + BLBY)lg ™

+ (%h’,jR — AR} 4+ ViVIhi; — Rhij)\/g

— 46T (Vb8 + O AM) Buyg ™'/

+ () = 2m¥py) gV + fLEgT, (4.20)
D®;[h,b,p, f] =2V (77" hiy) — 75V hy — €3 (Vb5 — Vb)) + bV el

+ 2V pl — fI(ViAS — VAS) + ASV, fi (4.21)

D(I)a[hv b7p7 f] == (Cgbgibg + %jfg + Cgbfc]As)v (422>
and

D®:[N, X, V] = Lx77 + N(w,’jw"j — onh ] — (B EY + Bi B)
+ {%Wklﬂkz — ;1(7#15)2 + (EsEf + BSBZ)} gij)g_l/2

+ {N(%Rgij — RY) + V'V/N — gijvkka} V9, (4.23)
D®Y[N, X, V] =Lxe: — Cleive

— 4€7* {V;(NBug™/?) + Cope N B Alg™'/?} | (4.24)
D®:[N, X, V] = N(gijmi — 2mij)g~ "> — Lxgij, (4.25)

bet i

D®*[N, X, V] = — iNet;‘gl/Q — Lx Al 4+ V, Vo4 A Ve, (4.26)
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In the above, £ denotes the usual Lie derivative, which can be expressed in

term of a given connection as follows:

Lxgij = Xk%k-gij + gkj%iXk + gki%ij
= V. X; + VX,
Lx A% = XFVLAT + AV, XF
Ly = XV — 7V, X — 7%V, X7 + 79V, X

ﬁxé“fz = Xk%kfi — 8’;6]6)(1' + Ez%ka.

The expressions (4.23)-(4.26) are in terms of the Lie derivative, rather than
the connection, to illuminate their relationship with the evolution equations, (2.4),
(2.5), (2.15), (2.16). We write & = (£°,£%,€%) = (N, X,V) € N, which is to be

identified with a vector field on the principal bundle.

We first establish that the kernel of D®* is trivial. In the cases considered
by Fischer, Marsden [32, 33] and Arms [1, 2|, where M is a compact manifold,

this is not necessarily true. For some particular solutions, (g, A, 7, €), the kernel of

Doy

(9. A7) does indeed contain non-trivial elements, and these solutions are exactly

those that are not linearisation stable [48]. Non-trivial elements of the kernel
correspond to vector fields on the bundle whose integral curves are symmetries of

the initial data [48, 49]. This is motivated by the fact,

0
a(ﬂ—agv -9, _A) = D@*[SL

where (N, X) is the lapse-shift 4-vector and V' is the electric potential (cf. (2.4),
(2.5), (2.15), (2.16)). This is discussed in greater detail in Chapter 6.

Note, the expressions (4.23)-(4.26) are only understood for suitably differen-
tiable &, however D®* acts on a space with only L? regularity. That is, D®*[¢]

may only be understood in the weak sense for a generic £ € N. A weak solution
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of D®*[¢] = f is an element £ € N such that

/ ¢ DBl b,p, f] = / f(bop, ), (4.27)
M M

for all (h,b,p, f) € G X AXK X E =TigareF.

In order to examine the kernel of D®*, it is first shown that a weak solution
of DO*[E] = (fi1, fa, f3, fa), where (f1, fs, fa) € L5y X Wi’??/Q X Wi’;/Q, is in fact
a strong solution. To demonstrate this, we require the coercivity estimate given
by Lemma 4.8 below. Note that in the proof of this estimate, and throughout
the rest of the thesis, C' denotes an arbitrary constant that depends on a fixed,
(9,A,m,e) € F. When the constant changes from ¢ to C, this is to indicate that

the constant has absorbed terms depending on (g, A, 7, ¢€).

Lemma 4.8. If £ € W, satisfies D[] = (fu, fa, f5, fa) with (f1, f3, fa) €

1,2 1,2
L35/2 X W2y X Wy, then
€212 < C(Ifillaso + 1o fi)lloso + €lo) - (4.28)

Proof. The weighted Poincaré inequality (3.8) gives

1€ll22,-1/2 < C||%2€H2,—5/27 (4.29)

and therefore only an estimate for the second derivative is required.

Rearranging (4.23) gives

ViVIN — ¢"VkV, N = S,
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where S is given by

VESU::1)¢ZEFj—1V<w£w”——2wmﬂi—4KEZEWj+aBgBm)
|

1 N\
+ {Eﬁklmz - Z(Wf)Q + (EYER + BEBJ?;)} 9”>9 12

From this, we can then write

VIVIN = 87— _giis], (4.30)
which gives an estimate for V2N
IV2Nll2,-5/2 < CIS]|2-52- (4.31)

The standard weighted Sobolev-type inequalities are applied again to give

IV2Nl2,—5/2 SC(HD@Z[QHz—s.z + TV N, 52 + [TV X 2,52
+IX V7|52 + [N o0 (172|252 + [ E2]|2—5/2
182,52 + | Ric(g) l2-5/2))
<C(I fillz=s/2 + 1€l + IVElIs,—1 (I T l6,=3/2 + ll7ll6,—3/2))
<C(I fillo=s/2 + 1€lls0 + IVENs—1(IT 11,2372 + [I7ll1.2,-3/2))

<C(|| filla,—s/2 + I€lloo0 + [IVE[13,-1)-

By making use of the Riemannian curvature identity,

RijuX' = ViV; Xy — V,;V, X}, (4.32)
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V2X may be expressed in terms of D®*[¢]. To see this, note that the Bianchi

identity gives the following:

Vilxgij + ViLxga — Vilxgp =V;ViX; + ViV X; + ViV, X;
+V,V; X, — Vi,V X, =V, V, X},
=V,;ViX; + Ry X' + ViV, X,
+ Riju X'+ (ViV;Xi — ViV, X))
=Rja X'+ Ry X' + Rijiu X' + 2V, V, X;

=2(Rij X'+ ViV;X,),
which relates Lxg to V2X. In particular, we have
IV?X|l2,—52 < c(||Riem(g)||2,—5/2]| X o0 + IVLxgll2,—5/2)- (4.33)
Making use of (4.14), the Lie derivative is expressed as
Lxgi; = N(giymy — 2m5)9~""* — (DL[E]) 5, (4.34)
and the weighted Sobolev-type inequalities give

IVLxG|l2,—5/2 < c(|V(NT)||2,—5/2 + ||V f3]]2,-5/2)
<c <||%f3”2,—5/2 + T llam1ll fslla=s2 + IVN[ls—1liwlle.-s/2
+ IV llso0(IVll2,—5/2 + \|f7TH2,75/2)>
<c (’Wf3”2,—5/2 +IVllaz—1s2llfsllz—s2 + IVNIs1llwll12-5/2
+ ||N||oo,0(||67T||2,75/2 + ||%9||2,2.71/2||7T||1,2,73/2)>

< C (IIfsll,2,-3/2 + [ Nlse0 + !WN\|3,—1)-
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We now obtain an estimate for [|[V2X|| in terms of | V2X]| as follows:

IV2X [l2,—s52 < ¢ (VX 2,252 + IV (X)T||2,-52 + | X V(T)||2,52
+ T2 X |2, -5/2)
<c (\|V2XH2,—5/2 + HﬁXH&fl”f‘H&—Sﬂ
+ 1 X Yoo IV ll2,=5/2 + T2 ]|2-5/2))
< e (IV?X a5z + IVX I3 -1 I Tll1.2,-3/2
+ ||X||oo,o(||%f||2,—5/2 + Hf||i2,,3/2))

< C(IV°X 2572 + VX I3 1 + [ X lloco) -
Putting all of this together gives the estimate,

IV2Xla-s/2 < Cll fsllro-s/z + [€lloco + IVE]l5.-).

Similarly, from (4.26) we have

o 1 ° o
ViV = fi+ {Netg TV b XEVLAL + ARVIXE - Cp Ay, (4.35)

which can be differentiated to obtain an estimate for V2V

192V la-s/2 <e(lfallsase + EVN a2 + [NVe]los)2
+[AV2X |52 + | XV Al 50 + [VX VA2 5/
1AV 3,572 + VY Aela,5/2)
§C<||f4||1,2,73/2 + I VElIs—1(llello-s/2 + IV All6 -3/
+ | Aello.—3/2) + € lloco(IVell2ms/2 + I V2All2,—5/2

IV Aellz5/2) + | Allc, 1,21 V2 X 12,2
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V2V 12,52 §C<||f4||1,2,—3/2 F Vel —1(lllli2,-3/2 + || All2.2,-3/2
+ [[Aell1,2,-3/2) + I€]lcc,0(l€]l1,2,-3/2 + [|All4)

+ 14212 VX 3,2 )

<C(Ifallr 2372 + [ fsll12.-372 + [€lloc.0 + [IVE][5,-1)-

Note that we have made use of the estimate for H%QXHQ’_WQ above. We can now

combine the separate estimates to obtain

12,82+ [€lloo0 + IVElls 1) (4.36)

IV2€l2,—5/2 < C(|| 1

2,572 + |[(f3, fa)

We can estimate the last two terms on the right-hand side using the weighted

inequalities, Young’s inequality, and the definition of the Wf P norm directly:

1€]lsc0 <clléllra0 = 1€4€* 140
< ellElsoll€® 1150
< cllélzollE oo
< cllélzo €320 (4.37)
< cll€ls oIl 20 + [IV2E]2,-2)*
1,20 T ||%2§Hz,—2)

< ce €]l 20 + €l V€ 2,2,

< ce?||€ |20 + €€

for any € > 0.
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An estimate for the final term in (4.36) is obtained almost identically:

IVEN3-1 <II€ll130 = 1E26*3] 150
< el l6.0l16* (1160
< cllélsollE s
< cllél2ollé 220 (4.38)
< cll€lsoIEl20 + 1VZE]|2,—2)?
< ce 2)|éllr20 + €(l€ll1,20 + IV2E]2—2)

< ce |[€ 120 + €l VZE]|2,—.

By inserting these estimates back into (4.36), we obtain

V%2572 < C (I fillz=s/2 + | (fzs f)ll12,-3/2) +c(€)[|€]l 120 + €l VEE[l2—2, (4.39)

and then the weighted Poincaré and interpolation inequalities give

1€ll2.2,-172 < C (Il filla=s/2 + [ (fs, fa)li2,—s/2) + c(€)|€]l20 + €ll€ll220.  (4.40)

Now choosing e sufficiently small completes the proof. O]

Remark 4.9. While Lemma 4.8 gives an estimate on M, the weighted Holder,
Sobolev and interpolation inequalities used above are also valid on Ag (see Remark

3.5). In particular, we have

||%2§||2,—5/2:AR < C(“leQ,—E)/Q:AR +\1(f3, fa)ll1,2,—3/2:45 + ||§||2,0;AR> (4.41)

for £ € I/V(;2 2(Ag), where C is independent of R. This is useful for the proof of
Theorem 4.10, below.

Note that the bound for V2V is the first place where we require the o(r—3/2)

decay for Ay; in earlier estimates we could have relaxed this to o(r~'). It should
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also be noted that D®* makes no appearance in Lemma 4.8. In fact, the proof
of Theorem 4.10 below requires no explicit restrictions on D®%[¢]. However, the
conditions on D®}[¢], D®[¢], DPE[E] implicitly imply D®4[E] € L3,,. This is a

consequence of Theorem 4.10 below, and Lemma 6.5 of Chapter 6.

Recall, for an arbitrary & € A/, we can only interpret D®* as a differential
operator in the weak sense (see 4.27). Theorem 4.10, below, gives conditions
under which we can interpret D®*[¢{] = f as a differential equation in the usual
sense. This is analogous to Proposition 3.5 in [11] and in fact, local regularity is
established by an identical argument as we have an equation of the same form.

We then make use of Lemma 4.8 to establish global regularity.

Theorem 4.10. If £ € N is a weak solution of D®7, 4 . [€] = (f1. fo, [, f1), with

(f1, fs, f1) € [/2_5/2 X Wif/g X Wi’;/Q and (g, A,m,e) € F, then & € Wf’f/Z and is

indeed a strong solution.

Proof. D®* is second order in N but only first order in both X and V, so we
differentiate D®%[¢] and D®X[¢] in order to consider N, X and V' on equal footing,.

Explicitly, we define the operator, ¥, by the following equation:

Dog[¢] fi
U] = |VDI[E]| = [V 5] - (4.42)
VDOl [V

We first establish local regularity by restricting to a coordinate neighbourhood, €2.

In local coordinates, (4.42) is equivalent to an expression of the form

A-0P6€+B-9¢+C-€=F,

where A is invertible. Explicit expressions of %2§ can be seen in the proof of

Lemma 4.8 and from this, it can be seen that the coefficients have regularity
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Ae W22 Be W2 C e L2 This is then equivalent to the expression,

y@+m@%ﬂ+@ghzﬁ

75

where b € W'2 and ¢, f € L2. Therefore our weak solution, & € L2, must satisfy

the weak form of the above expression;
@t - w00y + emeds = [ oligs (4.4

for all compactly supported ¢ € W?%%(Q). For € < 1, let J. be a mollification
operator, so that J.¢p € C*(€2). By inserting this mollified ¢ into (4.43) and
noting 9(J.¢) = J.(0¢), we then have

06+ O(JbE) + J(@) = Jf  onQ, (4.44)

in the strong sense, where & := J.£ € C*. If we take the trace of (4.44) then the
highest order term is Ag&., the Euclidean Laplacian, and we may then estimate
& in terms of the fundamental solution of Laplace’s equation. However, in order
to avoid introducing a boundary integral on 02, we introduce a smooth cut-off
function, x € C°(2), and let u = y&. We then insert the trace of (4.44) into the
expression,

AOU = XA()ge + 28)( ’ 856 + geAOX7

and arrive an an equation of the form
Aou =F+ GG,

where F' = Fy + Fy + F3 and G = Gy + Gy, with Fy = x"J£+xJ.f, Fy = x'J.(b€),
Fy = xJ(€§), G1 = X' J£ and Gy = xJ(b§). Since F,G € C*(R), we can
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explicitly write u as

u(z) = T (F + 0G) = /Q (z — ) (F(y) + 0G(y))dy, (4.45)

where I'(x — y) = 1/(47m|z — y|) is the fundamental solution of Laplace’s equa-
tion. Let K;; = ijf‘, which is a Calderon-Zygmund kernel in the usual sense and

therefore satisfies (see, for example, [56], Chapter II)
1K+ wllp < ellwlly, (4.46)
where the norms are to be understood as integrals on {2, here and in the other

local estimates below.

We have K;;*F} = 8%- ('« F), and therefore the standard Poincaré inequality
and (4.46) give
IT % Filla2 < | Fill2 < clléllz + | fll2 (4.47)

since J.£ — € and J.f — f in L2 Similarly we have
T % Foll23/2 < || Falla2 < cl|bll6l[€]l2 < cl[bll12]I€]l2, (4.48)

where we have again made use of the weighted Holder and Sobolev inequalities.
Note that we are not able to directly obtain a W22 estimate for ||I" % Fy||23/2, and
the estimate for ||T" * F3|| below is even weaker. However, we can bootstrap this

up to the required W?2? estimate.

Let I; be the usual Riesz potential on 2, defined by

_ [ )
Lu(z) = /Q P dey. (4.49)

The Riesz potential is the inverse of a first order pseudo-differential operator,

and as such it satisfies the following Sobolev-type inequality (see, for example,
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Theorem 23.1 and Proposition 23.3, Chapter VIII of [28]):

[yully < clullg, (4.50)

forl<q<n:3and%:%—%,orqzland1<p<ﬁzS/Q. From this,

and noting OI" x u ~ [1u, we have
101 * Fslp < e 11 Fsl, < el Fslly < ellell2[|€]]2,
for 1 < p < 3/2. Then the standard Poincaré inequality gives us

1T+ Fyls < c]|OF + Fyl, < clléfls[[€]]2,

for 3/2 < s < 3, where p = 3% < 3/2. Now, by making use of the identity,

[« 0G1 = O(I' x G), and the Sobolev and Poincaré inequalities, we have
IT % 0Gh |l6 < cllO(T * G1)|l12 < cl|0°T * Gill2 < ¢l|Gil2 < cll€]l2.
Similarly, we have

IT % 9Galls < cl|O(T * Ga)ll13/2 < ¢l|0°T * Gsl3/

< c|Gallay2 < cllbllsli€ll2 < cllbll12ll€]l2-

Now that we have a uniform bound on u, independent of €, we conclude & € L?O’Cﬁ.
This argument can be repeated successively, each time with a stronger estimate
for &, until we eventually arrive at £ € VVfof The remainder of the bootstrapping

argument is included as Appendix B, as it is simply a matter of iterating the exact

same estimates used above.

To establish global regularity, we introduce a new smooth cutoff function
X € C®(M) such that x = 1 on Bg,, for some Ry > 1 and y = 0 on Bsg,.

Define xgr(z) = x(zRo/R), so that xr has support on Bsg. Clearly x&g € WE’IZ/Q,
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therefore Lemma 4.8 gives

IxXrlloa, 172 < C (1D xREll 52 + 1D [xr€]l1 2372

+ 102 xn€)l12,-572 + IEll2o ) (451)

since g€ — & in L2, and from this we can show that yg¢ is uniformly bounded

. 2,2
in W=, /2

Since we have & € W22, we can interpret D®* as a true differential operator
loc

acting on &. Also note that Vyg(z) = (Ro/R)Vx(xRo/R), Vy is bounded, and

@X r has support on Ag. It follows that we have

[V xRlps < cllu/Rl|psa, <c sup r(x)/Rl||ullpsri:an < cllullpsiiiag.
TEAR

From this and the usual weighted Sobolev-type inequalities, we have

Dy [xRE]ll2,—5/2 <c <||XRD‘I>§[5] l22,-1/2 + ITEVXRl2 -5/
6V xR llz-s2 + IV OV () 2.-572)
< (I fillasye + mlla-s/aligliasan + IElla-/z
+ V€220
<c (lAllo-ss2 + 17ll2-s/201E 2045 + [1€ll2,-1/2
+ ||%§||27—3/2:AR>
<C (| fillz=ssz + €l2-172 + [ VEl2—3/2:45)

<C (| filla=syz + €ll—1/2) + €l V2E|2,—5/2.4p-
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Almost identically, we have

IV D@ [xr€llle, 572 < (IxaVD@[ells, 572 + 7€V xRl 572
1€ xnllz, 52 + IV OV (xa) 2. -572)

<C(IVfalla-ss2 + €lla—1/2) + €l VZE 2,572 45-

For the sake of presentation, we now gather terms with the same regularity and

decay rate; we define o = (g, VA, Ap) € Wi’;ﬂ. Then we again have

IV D®: [xre] 2,572 < (IxnVDEIE] s, 512 + [0V Xl 572
+ 1€V XL, 572 + IV (E)V (xr) 2,5/
+ AV V(xr) 252
< (IxaVD®:[ells, 52 + 1€V xRl 572
FIE Xl 572+ (1 [Allso0) V(Y (x) 2,572

<C(IVfallz—ss + €ll2,—1/2) + €l VZEl2,—5/2.4-

Inserting the estimates above into (4.51) and applying the weighted Poincaré

inequality, we arrive at

IV2(xRE) |2, —5/2 < C(I fillz=s/2 + 1 (f55 f)ll1,2,-3/2

+ [[€llo,— 12 + € V3E]|2,—5/2.45) (4.52)

Unfortunately we are unable to ensure [Vl 5245 S [[V2(XRE)||2,—5/2, s0 we
can not absorb the last term into the left-hand side of (4.52). However, recalling

Remark 4.9, we apply the local version of Lemma 4.8 to obtain

IV2€lo,—5/2:45 < Cllfilla—syz + (a5 fa)ll12,-372 + [|€]l20- (4.53)
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Finally we obtain the desired uniform bound:

IxREl|22,-1/72 < V2 (XRE) [l2,-5/2

< O fillz=sp2 + 1(fss f)ll2i—3/2 + [I€ll2,—1/2)- (4.54)

A well-known consequence of the Banach-Alaoglu theorem is that every
bounded sequence in a Hilbert space has a weakly convergent subsequence; it
follows that yr& converges to £ weakly in w22 . In particular, & € sz /2 and

~1/2"
satisfies D®*[¢] = (f1, fo, f3, fa) strongly. O

Recall that we wish to prove that D® is surjective, so we first establish that
D®* has trivial kernel. In light of Theorem 4.10, the equation D®*[¢] = 0 can be
interpreted as a bona fide differential equation. It then follows that the equation

U[¢] = 0, where U is defined by (4.42), is equivalent to an equation of the form
V2 = b VE + by, (4.55)

where by € L35/2 and b; € w2

30 This can easily be seen by examining the expres-

sions for V2N, V2X and V2V in the proof of Lemma 4.8. While the statement of
Theorem 3.6 in [11] is only concerned with a particular equation, it is immediately
obvious that the proof holds more generally. In particular, the theorem could be

instead stated as follows:

Theorem 4.11 (Theorem 3.6 of [11]). Let Q C M be a connected domain with
Ey, C Q for some R, where Ey is a connected component of Er. If £ € Wf’fm
satisfies

V€ = 01VE + bk,
with by € L2, and by € W3, then & = 0 in Q.

—3/27

From this and Theorem 4.10, we have the following immediate corollary.
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Corollary 4.12. Let (g, A, m,e) € F. If £ € N* satisfies D®(g, A, 7,¢)*[€] = 0
on M then £ = 0.

This establishes that D®*

(0. Ame) has a trivial kernel for all (g, A, 7, ¢) € F;

that is, there are no symmetries of the data which are o(r~'/2) at infinity. Note
that if D®*[¢] = 0 on M and ¢ is o(r~*/2) only on a single end, then Theorem
4.11 implies ¢ vanishes on any connected region containing that end and therefore

vanishes on all of M.

4.5 The Constraint Submanifold and Linearisa-

tion Stability

In this Section, we prove the main result of this chapter: the level sets of ® are
Hilbert submanifolds of 7. We then briefly discuss this in relation to the property

of linearisation stability.

In order to proceed, we restrict D® to particular variations, (h,b,p, f) €
Tig,Ax,e)F, such that D® resembles an elliptic operator (cf. [26]). In particular,
we write (h,b,p, f) = o(y, Y, ) as

1
hij = —59@7‘3/, by =0,

P = §(V1Y] + VY7 — VkYkg”)\/ﬁ, fi=-Va'/g.
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Then D®[h,b,p, f] = D®[p(y, Y, )] = Fly,Y,4] is given by

Fly,Y, ] =
-Ay\/g —10y(g, A, m,e)y + AnlV, YT — 279V,Y; — L(E? + By + egaiwa_
AY; /g + RijYT /G + VI (1) (VAL — V,AL) /g — AL A, /g
—V,(nl)y — /Ny + 37V
Atar/G + CEV () A /g

We require the following scale-broken estimate from [9], for operators that

are asymptotic to the Laplacian.

Proposition 4.13. For A >0, n<qg<oo and 7 <0, let
Pu = a”(x)V,;Vu+ b (x)Vu + &(z)u
satisfy
A (z)vw; < a”(z)vw; < NG (2)vw; forallz e M,v e T; M,
la = g7 g + [8llgr—1 + [1Ellg2r—2 < C.

Ifuc IE and Pu € L2 ,, with1 <p < qand 6 € R, then u € W;* and
satisfies

[ullzps < CUIPullps—2 + [[llp:55), (4.56)

where R is fixed, independent of u, and Bgr is as defined in Section 4.1

From this we establish a scale-broken estimate for F'.

Lemma 4.14. The map, ¢ : Wz’f/z — Tig,ame)F, and therefore also the map,
F W22

Y L2_5/2, 1s a bounded a operator.
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Furthermore, for Y = (y,Y,¢) € Wf’f/z, F' satisfies the scale-broken estimate:

1Vl22.-172 < CUF V2572 + 1V [l2.0)- (4.57)

Proof. The weighted Holder and Sobolev inequalities give

IV2hll2 572 < (I9llocol V?Yllz-572 + IV (9) 14372 Villa—s/2
+1V2gll2,-5/2l¥ oo, -1/2)
<CNyll2,2,-1/25
IVpll2—s/2 <C (IV?Yla=s/2 + IV (9) VY [l2m5/2 + ITVY |25
+ YVl 572 + YT Vg2, -5/2)
<C(IV?Y l2msjo + (IVallassz + ITlla-s2) VY lla—3/2
+ ||Y||oo,71/2(||%f||2,75/2 + ||1;||4,73/2||%9||4.73/2))
S CNY22,-1/2;
IV ll2-5/2 < e (IV*llamss2 + [Vella-s/2 Vg lla-3/2)

<C|Y]2,2,-1/2;

and then by the weighted Poincaré inequality, we have that ¢ is bounded. It

follows immediately that F' is also bounded.

Note now, that the Laplace-Beltrami operator clearly satisfies the hypotheses

of Proposition 4.13, with 7 = —% and ¢ = 4. It follows that we have the scale-

broken estimate for A,
[ull22-1/2 < C(|Aullz,—5/2 + [[ul|20)- (4.58)

The scale-broken estimate for F' is obtained by comparing F' to the Laplacian.

We write F[Y] = (F1, Fy, F3), for the sake of presentation, and bound the terms
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separately:

1AYl2, 572 < (1R 2,572 + Yllooo(1Poll,—5/2 + I€%]l2,5/2 + | B*l2,-5/2)
+IVY |l 1l lle—s/2 + Vel -1llello.—s/2)
<c([[Fllo,-s72 + [9lloco(1Pollz,—5/2 + 1?ll2,-5/2 + 1B (l2,-5/2)
+HIVY s —allmll2-s2 + ITY [ls—allwll12—s/2 + Ve s -1llell2-5/2)
<c(I1Fill2-s72 + 1Ylloo0(1Poll2,—5/2 + lle*ll2,—5/2 + 1 Bl2,-5/2)
HIVY s —1llmll12-3/2 + [ Vgll2—1 Y llsoollmll12,-3/2

+ IVl llell12,-5/2)-

The norms of ¢, e, B, m and %g, appearing above, are all finite and can be merged

into the constant, C'. Then making use of (4.37) and (4.38), we have
1AYll2, 572 < CllFilla, 572 + C(O)|V]l1,20 + € VYo, (4.59)

where C'(e) also depends on the point, (g, A, 7,e) € F. We bound Ay and AY

similarly as follows:

1AD]|2,—572 < (||Fsll2,—5/2 + [[ Vi Aell2,-5/2)
<c(|Fslla=s/2 + V¥ ll3,—1 | Aell6, a2 + |IT13,—1 | Aell6,—s/2]|¥ | oo,0)
<c(|Fslla—sp2 + V4ll5,-1 ]| Aellr,2,-3/2

+11Vall12,-3/2ll Aell1,2,-3/2 111 ]| s00)-

From this we have the following estimate for A, almost identical to (4.59):

1AY ||, —572 < c|| Fallz,—s/2 + C(e)|[¢]l1.2,0 + €] V2)]o,—2. (4.60)
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We make use of (4.60) in the following estimate for AY', as F, contains both AY

and A terms:

[AY ||z, 52 < C(HF2H2,75/2 + [[Pllooo(ll Ricll2,—5/2 + [[ V7|2, —5/2)
+[[VVls,-1(IVAll6,—3/2 + |I7]l6,—3/2) + HAHoo,0||A¢||2,—5/2>

< || Falla—s/2 + CIVllso0 + VY ll51 + [|A%]|2,—5/2)- (4.61)

Recall when we defined ®, we noted that the momentum constraint sometimes is
defined differently. Had we used the alternative definition of ®;, then F5, wouldn’t
contain the term A, and we would have F())) is exactly A)Y plus lower order
terms [46]. However, our definition of the momentum constraint is better suited

to the results in Chapter 6.

Now, combining the estimates, (4.59)-(4.61), we conclude

1AV ll2.-572 < CIEWV 2,572 + C(O)|[Vll12.0 + €l V2|22, (4.62)

for any € > 0. By inserting this into the scale-broken estimate for A (4.58), we

have

Y lla2,-12 < CIHEW 2,572 + C(O 1V 1,20 + € V2V ]3,. (4.63)

The weighted interpolation and Poincaré inequalities then give
IVll22,-12 < CIFDVl2,-572 + C(O) V|20 + € V2V l2, 2. (4.64)
Finally, choosing e sufficiently small, we arrive at the scale-broken estimate for F':

1Vl22.-1/72 < CUEVl2.-572 + 1V [l2.0)- (4.65)

We are now in a position to prove the main Theorem of this Chapter.
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Theorem 4.15. For all s € N'*, the level set
C(s):={(g,A,me)eF : ®(g, A, m,e)=s} (4.66)
1s a Hilbert submanifold of F.

Proof. As mentioned in Section 4.4, this is established by demonstrating that
the hypotheses of Theorem 4.7 are satisfied. Since D® is bounded and linear,
the kernel is closed and therefore is trivially complementable, due to the Hilbert
structure. We only must prove that D® is surjective onto N'*, and the conclusion

follows.

Since the codomain splits as ran(D®)®coker(DP) and coker(DP) ~ ker(DP*)
is trivial, all that remains to be shown is that D® has closed range; this is where
we make use of the operator F. Clearly ran(F') C ran(D®), so it will suffice to
prove that ran(F’) is closed and differs from ran(D®) by a finite dimensional closed

subspace.

Lemma 4.14 allows us to employ the following standard argument, proving
that F' has finite dimensional kernel. Take any sequence ), € ker(F') such that
| Vnll2,2,—1/2 < 1; a sequence in the closed unit ball in ker F. By the weighted
version of the Rellich compactness theorem (Proposition 3.7), the closed sz Jo”
unit ball is compact with respect to the LZ topology. It then follows that ),
has a subsequence that converges in L3, but since equation (4.57) implies that
1V = Vill2,2,-1/2 < Cl|Vn — Viml|2,0, the subsequence also converges in Wf’fﬂ‘ By

the sequential characterisation of compactness, it follows that the closed unit ball

in ker(F') is compact and thus ker(F') is finite dimensional.

Since the kernel is closed, we have the decomposition, W22 =K@ ker(F'),

—-1/2

where K is some closed subspace. To prove that the range of F' is closed, we
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require the following estimate:

||y||2727_1/2 S c||FD/]||2,_5/2 fOl" all y - K (467)

We prove this by contradiction. If (4.67) were not true then we could find a
sequence YV, € K such that ||V,]l22,-12 = 1 and ||F[V,]|l2,—5/2 — 0. Then,
passing to a subsequence again if necessary, the weighted Rellich compactness
theorem implies ), — ) # 0 with respect to the L topology. Then from (4.57)
we also have convergence with respect to the Wff /o Dorm. Since K is closed in

w22 1o we conclude 0 # Y € K Nker(F), which is a contradiction.

Now take any Cauchy sequence F'[),] € ran(F"), which necessarily converges
to some @ € L?, jo- Then (4.67) implies ), converges to some ) € Wff /-
Since F' is a bounded linear operator, it follows that F'[},| — F[)] and therefore

Q = F[Y] € ran(F); that is, F' has closed range.

It remains to be shown that ran(F’) differs from ran(D®) by a finite dimen-

sional subspace. Given that we have the splitting
L2_1/2 = ran(D®) = ran(F') & coker(F),

we show that ker(F™) is finite dimensional.

The formal L? adjoint is given by

F*z,Z,¢] =

Azy/g—10g(g, A, m,e)z — L(E? + Bz + iV, 20 — %Vz(ijl)
AZ;\/G+2Vi(wiz) — 1V (miz) + Rij Z'\ /g

AC /G — Vi(zel) — A(ZD) A2\ fg — VI (Z7)(ViAS + VA% /g

+CGVI(AC\ /) — ZIVIV, A%\ fg




Chapter 4. The Phase Space for the EYM Equations 53

We define a new operator, F*, by adding A?F;j to Fy, where F, and Fj refer to

the second and third components of the operator F', respectively.

F*2,Z,(] =

Az\/g— 1Po(g, A, 7€)z — T(E* + B*)z + w{@jzi — %Vz(ﬂjzl)
AZ;j\fg+2V(niz) — 5V;(mi2) + Ry Z'\/g

AC/G — Vilzeh) + (2Vi(riz) — 1V(niz) + Ri; 21\ /g) A%

—VI(Z) (VA2 + VAY) G+ CoVI (AL /9) — ZIVIV AL /g

This new operator is elliptic and clearly has the same kernel as F*. Furthermore,
it can be seen that F* satisfies the hypotheses of Proposition 4.13 directly, again
1

with 7 = —3 and ¢ = 4. In particular, if F*[z, Z,(] € [,2_5/2 then we have

(2,7,C) € Wflz /9 and F* also satisfies the scale-broken estimate,

1z, Z, Oll22.-1/2 < C(I1Flz, Z, (ll2.—572 + (2, Z, Ol 20)- (4.68)

From this, we infer that ker(F*) = ker(F*) is finite dimensional by the exact same
argument used to prove F' has finite dimensional kernel. For the reasons outlined
above, we conclude that D® has closed range and therefore the hypotheses of

Theorem 4.7 are satisfied, which completes the proof. n

Theorem 4.15 not only provides us with the Hilbert manifold structure re-
quired for the following chapters, but it is also an interesting result in itself. We
have that the Einstein-Yang-Mills, and therefore also the Einstein-Maxwell, con-
straint equations are linearisation stable in the sense of Section 2.4. In the earlier
work of Arms [1, 2], Fischer and Marsden [32], linearisation stability of the full

equations is inferred from the linearisation stability of the constraints.

This conclusion requires that the Cauchy problem is well-posed, which as
mentioned at the end of Section 2.2, is expected to be true in the case considered

here. Then the exact same argument used by Fischer, Marsden and Arms applies,
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to obtain linearisation stability of the full equations (see [2, 33]). However, as the
existence and uniqueness results of Klainerman, Rodnianski and Szeftel [44] are
rather technical, and linearisation stability is somewhat tangential to the main

point of this thesis, we will not discuss this any further.



Chapter 5

Mass, Charge and Angular

Momentum

The Higgs boson walks into a church. The priest says
“we don’t allow Higgs bosons in here”.
The Higgs boson says “but without me, how can you

have mass?”

Brian Malow (Science Comedian)

This chapter introduces the usual definitions of energy, momentum and
charge as well as a generalised angular momentum quantity, which is suited to
our purposes. These quantities are then expressed as volume integrals of diver-
gences over the initial data manifold, rather than as surface integrals at infinity.
We prove that these quantities are smooth maps acting on the constraint subman-

ifold; a requirement for the Lagrange multiplier arguments of Chapter 6.

The ADM energy-momentum [5] is the standard definition of energy-momentum
at spatial infinity for asymptotically flat spacetimes. The ADM energy is usually

given by the expression,

E = f ajgij — @gjjdsi, (51)

%)
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where several things are implicitly understood: the notation foo refers to the limit,
limp_ o0 st, of integrals over large coordinate spheres of radius R, repeated indices
are summed over, and the integral is evaluated using a coordinate system that is
Cartesian at infinity. The coordinate conditions can easily be removed by writing

the expression in terms of the background Euclidean metric as

167rj[ \V gi; — Vi(¢’ gjk)dS’ (5.2)

The linear momentum is a covector at spatial infinity, given by

1 .
pi = gj{ midS?, (5.3)

and together these quantities define the energy-momentum covector, (£, p;), on the
spacetime. This definition of momentum motivates the nomenclature, “momentum
constraint”, for (4.14). It has been established by Bartnik that these definitions

are independent of the limiting process [9, 11].

While these definitions do depend on the choice of initial data slice, this is
not in any way problematic, and is in fact to be expected. The energy-momentum
covector is “at infinity”, so may be identified with a 4-vector in Minkowski space-
time. Choosing different initial data slices is akin to choosing different coordinates
for Minkowski spacetime; we can exchange energy for momentum, but the length of
the 4-covector is invariant. Assuming the dominant energy condition, the positive
mass theorem ensures that (E, p;)* is timelike, where # denotes the usual musical

isomorphism identifying a covector with a vector. We therefore define the total

mass as m := /E? — |p|%.

Angular momentum in general relativity is unfortunately somewhat more
complicated than its linear counterpart. Under the assumption of axially symme-

try, we have the advantage of having a rotational Killing vector field, ¢, whose
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orbits are 2m-periodic. In this case, the angular momentum is usually given by

1 ; .
J = _8_7T]£O¢7rijdsj7 (54)

which is now a well-established definition. However, in the general case there is
no rotational Killing vector field so this definition does not make sense. There is
a notion of angular momentum, which does make sense more generally, however
it also has limitations. Since there is no preferred direction of rotation, rotational
vector fields are introduced using Cartesian coordinates near infinity and angular
momentum corresponding to “rotations about each coordinate axis” is defined. In

terms of these Cartesian coordinates, define
¢$ = yaz - Zay’ st - Za:c - x@z, gbz = xay - yaa:a (55)

which are the rotational symmetries of flat space. Then we define the three angular

momenta associated with these symmetries,

1 A
Sz = e ]{o(ﬁ%xi)ﬂjkdsk, (5.6)
where z; = (x,y,2). The main problems with this definition are as follows (cf.

42)):

1. The integrals (5.6) do not converge in general, so often somewhat unnatural

parity conditions are imposed [50] to ensure convergence.

2. The quantity J; = (J(z,), J(a2), J(zs)) depends on the coordinate choice in a

non-covariant fashion.

We avoid the problem of convergence by considering a quasilocal notion of angular
momentum. Assume M has multiple asymptotic ends and fix a particular end,
My, to work on. We then introduce a closed 2-surface boundary, >, such that

M\ ¥ comprises of two disconnected components, one of which contains M. The
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surface, X, will later play the role of the horizon in the first law. The component

of M containing M, will be denoted by M.

Note that in the vacuum axially symmetric case, we have Vim; = 0, and
therefore Vi(¢/m;) = m; VU@ + ¢/ Vim; = 0 since ¢ is Killing. In particular, the
divergence theorem gives

1 A A 1 ; ;
J = __f{ ¢'miydS? = - f{ ¢'mijdS?. (5.7)
8T Jo 8 Jx

Y ™

Throughout, dS* will refer to the surface element whose associated normal points

in the direction of infinity in M,.

Equation (5.7) motivates our quasilocal generalised definition of angular mo-
mentum®. For some vector field y, defined locally near 3, we define the generalised
x-angular momentum:

JO =

X

x'mlds;. (5.8)

5 ]
Note that this definition agrees with the usual definition when Y is the axial Killing

vector, however j;) is well-defined on the entire phase space.

Since we are dealing with the Einstein-Yang-Mills equations, we also would
like to include a term corresponding to the angular momentum of the Yang-Mills

fields. In this case the y-angular momentum becomes

7 1 i _j i pai

JX = —E . (2X 7Tg — EZLAiX ) dS] (59)
The term corresponding to the angular momentum of the Yang-Mills fields ap-
pears to have first been considered in [57]. Clearly this definition is not useful for
describing angular momentum when y is permitted to be an arbitrary vector field,

however we will later impose conditions on y in order to ensure that this quantity

better describes some notion of angular momentum.

"While this is useful for our purposes, we do not argue here that this gives a suitable quasilocal
definition of angular momentum in general. There is a great deal of literature on the problem
of quasilocal mass and angular momentum (see [58] and references therein).
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We next introduce the definition of Yang-Mills charge. The total charge is

usually given by
Qooa = % *Fm (510)

where *F' is the spacetime Hodge dual of the field strength 2-form. It is more

conveniently expressed in terms of the initial data as

1 )
= — E!dS;. A1
Qs =3 . Eids (511)

In the Maxwell electrovac case this integral can be pushed onto X, as was done
with the angular momentum, since V;E* = 0. However in the source-free Yang-
Mills case, V;E! does not vanish and in fact is equal to [F, A],, so the integral
over Y differs from that at infinity. This may be interpreted as the total charge of
a black hole spacetime differing from the charge of the black hole itself. That is,
the charge is not necessarily from a singularity and in fact, the field itself may be

charged?. This leads us to consider a quasilocal charge defined analogously:

1 )
Rsa=-— P E,dS;. (5.12)
47T b

It is straightforward to show that these quasilocal quantities are smooth

maps on F.

Proposition 5.1. For y € L>®(X), the maps Qx : F — ¢g* and jg, Jo: F—=R

are smooth.

Proof. By considering any function ¢ € C°(M) with ¢ = 1 on X, the Sobolev

trace theorem gives

Qx| < el Bz = 9Ll < clleBlres) < cllEllie, -3/ (5.13)

2The fact that the field itself may be charged is related to the terminology “self-interacting”,
used by physicists to describe non-commutative gauge theories.
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We can estimate jg and jx similarly:

JY < clxllzes lemllzs) < cixllizesmlliz,-s2,

jx < C(HXHL?(E)||7THL2,—3/2 + ||XHL°O(E)||90A||L2(2)H805HL2(2))

< clixlizoem (Il a2 + Al 2 -1/2llelle-s/2)-
Since @y, jg, jx are bounded and linear, smoothness follows. m

It will be convenient to rewrite the surface integrals at infinity as integrals of
total divergences over the whole manifold. For this, we will consider two different

cases for the initial data manifold:

(a) M is an asymptotically flat manifold with a one asymptotic end and no interior

boundaries.

(b) My is an asymptotically flat manifold with one asymptotic end and a closed

interior boundary surface, >.

The restriction to a single end in case (a) is primarily for the sake of presenta-
tion. The reader may note that permitting multiple ends makes only the most
superficial difference to the analysis and will only be significant in the interpreta-
tion of Theorem 6.6 and Corollary 6.7. We briefly discuss the case where many

asymptotic ends are present in Section 6.4.

In case (a), the integral of a divergence will only give the surface integrals
at infinity; however, in case (b), we obtain integrals on ¥ corresponding to the
quasilocal quantities. In both cases, the energy, momentum and charge at infinity
are smooth functions on the constraint submanifolds, however the proof is slightly

different in each case.
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Let &% € R3*! be identified with some timelike vector, corresponding to the
tangent of the worldline of an observer at infinity, and let % € g correspond to the
asymptotic value of the electric potential. A total measure of the energy viewed
by this observer is then given by & - (E, p;, Q4), which will be more convenient to
work with than (£, p;, Q,). In order to write this as the integral of a divergence,

we need to make sense of extending &, to a section of P, the principal G-bundle.

Near infinity, £, € R>! @ g may be identified with some smooth section,
oo € C(A° (M) x TM x g @ A°(M)), such that V&g = 0. We then say a
smooth section, & € C®(A'(M) x TM x g @ A°%(M)), is a constant transla-
tion near infinity representing &, if éoo — & on Eyp and vanishes on By, for
some R. While a representation of &, is not unique, two distinct representations

differ only by an element of C°(A%(M)x TM x g@A°(M)) € WFP. In particular,

the spaces
LE ={:§ =& € L7 )(AY(M) x TM x g@ A°(M))}, (5.14)
WEP = €€ — éu € WHP,(AY(M) x TM x g @ A (M)}, (5.15)

of asymptotic translations are well-defined.

We now define a quantity P, in terms of its pairing with &, which will allow

us to write (E, p;, Q) as integrals of divergences over M:

167E2 Po(g) = / ( 0 (G5 Vi Vigi; — Atryg)
M

+ gV, ?ef(%lgij - ﬁzﬁ;‘z)) V9, (5.16)

L6mELPy(m) = 2 / (V! +mIViEL ), (5.17)
M

mmwﬁpﬂ/(@%@+ﬂ%&) (5.18)
M

Note that these definitions are independent of the choice of representation foo, as

a change of foo corresponds to changing the integrands by a total divergence with
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compact support. We may identify P, = (Py, P;,P,) with the asymptotic value of

a section of T P.

The smoothness of Py and P; has previously been established by Bartnik
[11]; however, for completeness we include a proof of this with the proof that P,
is smooth. Part of the proof involves establishing the following estimate, which is
included separately as it will also be useful for the proof of Theorem 6.3 in the

next chapter.

Lemma 5.2. Suppose g € G\ for some A > 0, then
IR — (V' gi; = Atrgg) |5 < N1+ [lg = gl13.2,-1/0)- (5.19)
Proof. Simply note that the difference R — (Vlvj Gij — Atrgg) has the form
R+ (9—§)"(Ric(g) + 97 V?9) + (97 )*(V9)*;
the full expression can be seen in Appendix A. We then have

IR — (V'Vgi; — Atrgg)|l,—3 < c¢(N) (I|R]l1,-5 + lg — §ll2,—1/2]| Ricll2,—52
+ 19 = dll2,-1/21Vgll2.=5/2 + |(V9)*||2,—3)

<c(N) (1 +[lg — §||§,2,71/2)7

where we have made use of Proposition 4.2. O

Theorem 5.3. If s € L' and £ € L™, then P: C(s) — R> @& g is a smooth map.

Proof. Note that L' = L', and L>* = L. Since P is linear in (g, A, 7,¢), it
suffices to prove that it is locally bounded, as in the proof of Theorem 4.6. We
again consider g € G for some A > 0, and prove that ¢ - P is locally bounded for

arbitrary £ € R @ g.

Note that Vé has compact support, so the second term of both equations

(5.17) and (5.18), and the third and fourth terms in (5.16) are all clearly bound.
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From Lemma 5.2, it can be seen that the dominant part of the remaining terms in
(5.16) agree with the scalar curvature of g, which can be shown to be integrable

from the assumption s € L!. First note
1€8(V*Vigiy = Atrgg)h s < 1€ ool V' V7555 — Atrgg)]s .
then from Lemma 5.2 we have
IV*Vgs; — Atrgg) 1,5 < e\ (1 + g = ll32-172) + [ Rll1,-5.
From the Hamiltonian constraint (4.13), we have
IRl < e (lIsll—s + I7*]l1,-3) < N (Islls,—1 + 17117 2,-52)-

Putting all of this together, we conclude that £2 Py is locally bounded.

The first term in (5.17) is estimated by the momentum constraint (4.14) and

again makes use of the condition s € L'. We have

1€V 701,25 < clloolloco(|Isll1—3 + leEVA|l1—s + || AVe|[1,—3)
< clléoolloo,o(llsll,—3 + llell2,—3/2IV All2,—3/2 + | All2,—1/2/| Vell2,-5/2)

< CHfooHoo,o(H5||1,—3 + ||€||1,2,—3/2||A||1,2,—1/2)7

and then we have

1€Vl |l1,— < (1€ V7 [1,—5 + 1o llso 0T [|1,—3

< NI€ Vi ll—s + N l€llooo (L + VI 2s o) Ill2—3/2,

where we have made use of Proposition 4.4.
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Finally, the remaining term in (5.18) is estimated similarly:

€4 VB 1,—3 <[ |ooo || ViEL 11,3
<cll€|s0(lI8l1,—3 + [I[E, Alll1,-3)

<cl|€]loo0(lIsll1,~3 + | £]l2,—5/2]| Ae

2,—3/2)-

It follows that P is smooth. O]

Note that the above theorem is valid in both cases, (a) and (b), as the
weighted Holder and Sobolev inequalities are valid on M (Remark 3.5). However,
in case (b) we are unable to directly identify P with (E,p;, Q.). We next seek to

construct similar volume integrals to represent the physical quantities in case (b).

Let &5 € C>®(A° x TM x g ® A°) be supported on a neighbourhood of 3,
and define éref = éoo + ég. This permits us to prescribe values of éref both near

infinity and on . Analogously to the spaces ngof, we define

L = {5 €= b € L7, (AY(Mo) X TM X g ® AO(MO))} . (5.20)

WEP = {16 = ur € WHD, (A(Mo) X TMo x g @ AX(Mo)) |, (5:21)

recalling that the notation, Wf’fm, refers to the completion of C2° with respect to

the Wf’lp/Q norm. The Wg’p spaces then include our prescribed asymptotics and
ref

boundary conditions in the trace sense, while the L? spaces only include the

ref

asymptotics.

Non-zero values of ég mean that we can no longer write the surface integrals
at infinity as volume integrals of total divergences, as we will also have contribu-

tions on Y. We are only interested in the case when g% = 0, and in this case we
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write

16wEL Ph(g) = / ( 00" 5"V Vigi; — Atryg)

Mo
+ MGV (Vigis — ﬁ;é;-z)) V3, (5.22)
167E Pi(m) = /M (25;'&%]‘77? +2mIV €l + Vi(eLADE  + SZA?ﬁiffef)
'
+ § (2] - i) ds, (5.23)
16mE P, () = 4 /M (égﬁiE; + E;%iégo) —4 i ¢ ELdS;. (5.24)
'

While (5.23) contains the terms (g, A, €), the quantity P, only depends on 7. This
can be seen by using the divergence theorem to write the bulk integral as surface
integrals at infinity and on X, and then noting that the terms on Y cancel. The
terms at infinity correspond to the ADM momentum, and some Yang-Mills terms

that can be shown to vanish by Proposition 3.8:

||€Afref||L1(sR) SCRI/QHérefHoo:SR||A||oo:SR||5||1,2,—3/2:AR

<R"20(R™Y?)|lel|1 2.-3/2,

which goes to zero as R goes to infinity. In fact, provided the boundary integrals

at infinity arising from the divergence theorem are well-defined, then P’ agrees

with P and (E,p;, V) (Theorem 5.6).

Note that the surface integral on ¥ in (5.23) corresponds exactly to jémf’
and if ffef = {& € g is constant on X, then the surface integral in (5.24) corre-
sponds exactly to Qs ,. We therefore have the following immediate corollary of

Proposition 5.1 and Theorem 5.3.

ref

Corollary 5.4. If s € L', £ = €% € g is constant and & € W;Qf, then

P :C(s) —» R* @& g is a smooth map.

We now show that the the definitions of P and P’ indeed agree with the
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associated surface integrals at infinity. For this, we employ the following Lemma

from [11]:

Lemma 5.5 (Lemma 4.3 from [11]). Suppose M = J,5 My is an ezhaustion of
a non-compact n-dimensional manifold M by compact subsets with smooth bound-

aries OM,, and suppose B € W22 (A"~1(M)) satisfies dB € L' (A"(M)). Then

loc

7{ £ := lim 15} exists.
Moo k=00 Jomy

Theorem 5.6. Suppose (g, A,m,¢) € C(s), s € L', then the surface integrals at
infinity giving (E,p, V') are well-defined and we have (E,p,V) =P =P.

Proof. The integrands in (5.16)-(5.18) have been shown to be L' by Theorem 5.3,

and the related surface integrands are clearly seen to be W2, In light of both the

loc *

discussion above and Lemma 5.5, the equivalence is clear.



Chapter 6

The First Law of Black Hole

Mechanics as a Condition for

Stationarity

It seems plain and self-evident, yet it needs to be said:
the isolated knowledge obtained by a group of specialists
in a narrow field has in itself no value whatsoever, but
only in its synthesis with all the rest of knowledge and
only inasmuch as it really contributes in this synthesis

toward answering the demand, “Who are we?”.

Erwin Schrodinger

We are now in a position to discuss the relationship between the first law
of black hole mechanics and stationary initial data. It is mentioned in the intro-
duction, that this relationship was considered by Sudarsky and Wald in 1992 [57],
however a rigorous proof was not established. We consider separately, the cases
(a) and (b) of Chapter 5, in Sections 6.2 and 6.3 respectively. In both cases, the
differential relationship given by the first law is shown to give a condition for sta-
tionarity. In case (b), we also give evidence suggesting that the boundary surface
is indeed a horizon if the first law holds there. In fact, if the first law holds and
the solution is axially symmetric, then we conclude that the boundary surface is

the bifurcation surface of a bifurcate Killing horizon.

67
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In case (a), when there is no interior boundary, the condition for stationarity
is given by

dm +V -dQ =0, (6.1)

where m is the mass, V' is the Yang-Mills electric potential and () is the Yang-Mills
electric charge measured at infinity. Note that the condition (6.1) is not exactly
the first law, it is however related. If we restrict ourselves to trivial topology' and
since we consider only a single end, then there will be no horizon and therefore no
black hole area, charge or angular momentum. However we argue that the electric
charge at infinity should also be considered and will have the opposite sign to the
usual expression for the first law, where the electric charge is considered at the

horizon.

In the pure Einstein case, this condition further reduces to dm = 0; station-
ary solutions are equated with critical points of the mass. This was first argued
non-rigorously by Brill, Deser and Fadeev [17] in 1968 and rigorously established
by Bartnik in 2005 [11], as critical points of the ADM mass relate to the Bartnik
quasilocal mass [10]. For this reason, we follow the ideas of Bartnik to establish

it the cases presented here.

In both cases, we need to modify the usual ADM Hamiltonian, so we first

digress briefly to discuss Hamiltonians in general relativity.

6.1 Hamiltonians

Before considering the Hamiltonian for the Einstein-Yang-Mills equations, we first
examine the usual ADM Hamiltonian for general relativity. Recall now, the Ein-

stein constraints, evolution equations and canonical Hamiltonian variables from

Recently Klinkhamer [45] has given nonsingular vacuum and electrovac black hole solutions,
which are Schwarzschild and Reissner Nordstrom respectively, outside the horizon. Rather than
a singularity, the manifold has unusual topology inside the horizon, however it is not clear exactly
what role these solutions play in this picture.
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Section 2.1. The ADM Hamiltonian, from which these equations can be derived,
is given by

HEX) (g, 7m) = — / B(g,7) - (N.X), (6.2)
M

where ®(g, ) = (®o(g,0,7,0),®;(g,0,7,0)) is the constraint map in the pure
gravity case. The superscript (N, X) indicates the Hamiltonian’s dependence on
(N, X), however we will generally consider this to be fixed. Notice that the Hamil-
tonian vanishes when the constraints are satisfied; as such, this is sometimes called
the pure constraint form of the Hamiltonian. The variational derivative of the

Hamiltonian density is then simply
DH{N [, p = —(N, X) - Dy, [h, p]. (6.3)

Formally integrating by parts gives
DHMY = —D&;, [N, X]. (6.4)

Hamilton’s equations then give the correct evolution equations:

d |9 =,
e =—Jo D(ID(QJ)[N, X1, (6.5)
T
where
0 1
J = (6.6)
-1 0

and t is the flow parameter of (N, X), interpreted as a timelike four-vector field
in the full spacetime. This can be seen by comparing Hamilton’s equations, (6.4,
6.5), with the Einstein evolution equations, (2.4, 2.5). The four-vector, (N, X), is

to be interpreted as the lapse-shift vector from Section 2.1.

Equation (6.5) motivates a result by Moncrief, equating non-trivial (N, X) in

the kernel of Di)(gy,r), with Killing vectors in the full spacetime [48]. If D&D?gm) [N, X]=0,
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for some (NN, X) that corresponds to a vector field in the spacetime that is time-
like at infinity, then we say (g, 7) is a stationary initial data set for the Einstein

equations.

In the asymptotically flat case, the integration by parts above will result in
a surface integral at infinity that does not vanish in general. This surface term
corresponds to the variational derivative of the ADM mass, so in order to generate
the correct equations of motion, the mass is added to the Hamiltonian. This was
established by Regge and Teitelboim [50] and the modified Hamiltonian now bears
their names. We will discuss the Regge-Teitelboim Hamiltonian in more detail in

the subsequent sections.

Now we move to discuss the the Hamiltonian for the coupled system, which
behaves analogously. Above, the lapse and shift act as the Lagrange multipliers
corresponding to the Hamiltonian and momentum constraints respectively. In the
coupled system, the electric potential is the Lagrange multiplier for the Gauss
constraint, and the pure constraint form of the Einstein-Yang-Mills Hamiltonian
is given by

H%YM(Q: A? , 6) = _/ q)(g’ A7 T, 8) : 5 (67>
M

Differentiating the Hamiltonian density and formally integrating by parts reveals

that Hamilton’s equations again give the correct equations of motion:

g

o A .

ot = —J o DO 4 - [E], (6.8)
™
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where _ _
0O 0 10
0 Id 0O 0 01
J = = (6.9)
—Id 0 -1 0 00
0 -1 0 0

The evolution equations for (g, 7) now include the Yang-Mills stress energy tensor
and the two additional equations give the evolution of (A,¢) (cf. (2.15), (2.16)).
Where previously ¢ was the flow parameter for a vector field on *V, here it is
the flow parameter of a vector field on the bundle, P. That is, the evolution is

interpreted as a simultaneous time evolution and continuous gauge transformation.

As above, if D®*[¢] = 0 with (N, X) timelike at infinity, then we say
(9, A, m,¢e) is a stationary initial data set for the Einstein-Yang-Mills equations.
In this case, V' corresponds to a gauge choice that ensures %—f =0= %. The
pure constraint Einstein-Yang-Mills Hamiltonian also requires a modification to
cancel out the boundary terms arising from the integration by parts, and therefore

give the correct equations of motion. However, we will reserve discussion on this

modification until the next Section.

6.2 Without an Interior Boundary

This Section considers case (a) of the preceding Chapter, where M has a single
asymptotic end and no interior boundary. For this, we directly make use of the

definitions and constructions of Chapter 4.

We begin by establishing that the pure constraint Einstein-Yang-Mills Hamil-

tonian is a smooth map on the phase space.

Proposition 6.1. The map Hpya : F x N* — R is smooth in the sense of
Fréchet differentiability.
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Proof. Smoothness with respect to (g, A, 7, €) follows directly from the smoothness

of ® (Theorem 4.6). By the weighted Holder’s inequality,

Hiy (9, A, ) = 1€ Pll1—s < 1€ll2—1/2| 1252, (6.10)
and since Hgy s is bounded and linear in £, smoothness follows. O

We will now prove that the formal adjoint of the linearised constraint map
is indeed equal to the true adjoint for £ € Wff /o That is, if the evolution vector
vanishes at infinity, then Hgy s gives the correct equations of motion. However as
mentioned above, this is not the case when we permit £ to be a constant translation

near infinity.

Theorem 6.2. Suppose & € WE’12/2’ then

DHSyyy - (b, f) = — /M DO[e] - (b b,p, f). (6.11)
fOT all (ha b,p, f) S T(g7A,7r,a)f-

Proof. To arrive at the expression for D®*, boundary terms arising from integra-
tion by parts were disregarded. To establish (6.11), we must demonstrate that
these boundary terms at infinity do indeed vanish. We consider the difference be-
tween £ D®[h, b, p, f] and (h, b, p, f)-DP*[£] (see (4.20)-(4.26)), and after canceling

out common terms, we arrive at the following expression:

(h,b,p, f) - D®*[§] — & - D®[h,b,p, f] = (6.12)
Vi<(N<%itrgh — Vhi) + VI(N)hij — trghVi(N))\/g — 2X py; + Vafai>

= V(20 X7 = 7 X, + b ™ BIN VG + i XT — Xt + fu X A7),

The boundary terms have been expressed as two separate divergences, correspond-

ing to their decay rates at infinity — a distinction that will be important later.
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For the sake of presentation, we define

Bl = (N(Vitryh — VP hi;) + VI(N)hij — trghVi(N))VG — 2Xpi + VO fas,

)

812 = Qthijj - ijhiji + qjkb“kBgN\/ﬁ + c":‘mb?Xj - Xié‘glb? + fm'XjA?,
so that (6.12) can now be written as

(h,b,p, ) - D®*[¢] — & - D®[h, b, p, f] = V'B} + V2. (6.13)

The boundary terms at infinity are then given by limgoo §5 (B} + B7)dS",
so we must show that this vanishes to complete the proof. First, we demonstrate
that these surface integrals are well-defined in the trace sense, and the limit as
R tends to infinity is also well-defined. In order to do this, we show that the
hypotheses of Lemma 5.5 are satisfied. By construction, each of (h,b, p, f)- D®*[{]
and £-D®[h, b, p, f] are integrable, so all that remains to be shown is B, B € I/Vlf)c2

The weighted Poincaré inequality gives

1B 12,2 < || VB2,-3,

1B?||1,2,—2 < || VBl2,—s,

and the usual weighted Sobolev-type inequalities are used below to obtain the
required estimates. Recall that g is Holder continuous and bounded on M, so we

need not consider the raising and lowering of indices in the estimates to follow.



Chapter 6. The First Law as a Condition for Stationarity 74

The usual weighted inequalities give

IVB|2,—5 < (VN |la—3/2l| VAll1,-3/2 + |V |oo.—1/2]| V*Rl|2,—5/2
F VX lamsy2llplla—s/2 + 1X [loo,—1/2] VDll2,—5/2
IV Fllzms 2|V llsomr/2 + IV V [|a<s /2|l flla—s/2
+ IV N2, -5/2llRllo,-1/2)
<c([[VN|2-3/2 VEl2,—s2 + N ll2.2,-1/2] V2R 12,52
+ VX lo,-s201Pll12,-3/2 + [ X ll22,-1/2l| VD2, —5/2
+ [V Fllas/2l1Vll22, 172 + IV V [[12,-sall F 11,23/
+ IV N 252/l ll22.-1/2)

< C||f||2,2,71/2(||h||2,2,71/2 + [Ipll1,2,—3/2 + ||f||1,2,73/2)-

For the sake of presentation, we again group terms with the same regularity and

decay rate; we define o = (h,b, A) € WE’E/Q and 8 = (m,B,¢e, f) € wh?

32 We

can then write B? as the collection of terms B? ~ o8¢ and the estimate can be

concisely written as follows:

IVB|2,—5 < c([aBVEl2—3 + 6aV |25 + |3V al| —s)
< c(llalloo-12lBlla=3/2lIVEla-1 + €lsolllloe-12lVBll2—5/2
+ [1Blla=s/2l1€ | el Varlla—s/2)
<c(llell2z-1/20Bll2-321VEl 21 + €220l ll22-1/2I VBIl2.—5/2
+ 1Bl 2-3/2ll€l2201 Vall1.2-5/2)

<cllalla2,-1/20181,2,-3/21|€]2,2,0-

Since we have B!, B? € VVllof, Lemma 5.5 tells us that the surface integrals at

infinity are well-defined.
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We again make use of the usual weighted Sobolev-type inequalities and

Proposition 3.8 to obtain estimates on Sg:

fg BldS" < ¢(|€lloessn (I Vhllusn + Iplhisy + 1 flhise) + [hllsssel VN |1iss)
R

< cRY20(R™Y)(|Vhll12,-3/2 + 1Pll12,-3/2 + || fll1.2,-3/2 + [ VN|[1,2,-3/2)

= o(1),

where o(1) here refers to the asymptotic behaviour as R — co. Note that we have
made use of the Holder continuity of £ obtained by the Morrey-Sobolev embedding,

COY2 c W22 to write ||€]|ce:s, = o( R7Y2) for € € sz/z' Similarly, we obtain

fg B2S' < ¢l € oo |8l
R

< 0(1) ||§HOOSSR||/8||1727_3/2

— o(R7Y?).
It follows that the boundary terms at infinity vanish and therefore we have

/§~D¢[h,b,p,f}=/ (h.b.p. ) - D[],
M M

Note that the difference in the decay rates of B and B? at infinity are evident
in the above estimates; to ensure limp_,o «SESR BldS" = 0, we require £ = o(r~'/?),

however we only need ¢ to be bounded to ensure limpg_,o fﬁSR B2dS = 0.

Recall that & will correspond to a time evolution vector field, so we would
like the four-vector component to be asymptotic to a constant timelike vector in
4. In which case, the boundary terms from B? still vanish, but those from B!
are not even necessarily finite. However, when they are finite these terms do have

an important physical interpretation. The boundary terms from B! correspond to
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the first variation of the ADM energy-momentum and electric charge. Not only
are these boundary terms non-vanishing when £ is permitted to be an asymptotic
translation, but the Hamiltonian itself is no longer well defined. The condition

that &€ = o(r~'/2) is required to ensure that the integral in (6.7) is convergent.

This motivates the introduction of a new Hamiltonian a la Regge-Teitelboim.

For { € L7 _, an asymptotic translation (see (5.14)), we define

"H%T(g,A,W,a) = 167¢ - P(g, A, m,€) — / £ (g, A,m,e), (6.14)
M

where P is defined by (5.16) - (5.18). When the source-free constraints are satis-
fied, this Hamiltonian is identically 167&,, - P(g, A, 7, ) and therefore gives some
notion of a total energy for the system. While neither of the terms in (6.14) are
well-defined on the entire phase space, it will be shown that when we combine
these integrals the dominant terms cancel out, and the resulting expression is
well-defined on all of F. Writing (6.14) as an integral over M, we arrive at the

regularised Hamiltonian:

Hg(gaAv’]r?g) :/ ( (I)+/ 60 7" Jl VkVZgZ] %161@(9]1)\/5) - (I)O)
—i—/ T lekfo (Vlgw zgyl \/_+/ f QV 7T — %) (6.15)

+/ QWivjféo—f‘/ 520(4sz;—(13@)+4/ E;vlfgo
M M M

The regularised Hamiltonian has been expressed as seven separate integrals, as

each of these integrals can be shown to converge independently.

Theorem 6.3. The reqularised Hamiltonian, defined by (6.15), is a smooth func-
tional on F X Lfoo. Furthermore, if £ € ng then for all (g, A,m,e) € F and
(h,b,p, ) € Tig,a,xe)F, we have

DHE[h,b,p, f] = — /M (h,b,p, f) - D®*[£]. (6.16)



Chapter 6. The First Law as a Condition for Stationarity 7

That is, the regularised Hamiltonian gives the correct equations of motion (cf. 6.8).

Proof. Again, we simply must show that the Hamiltonian is locally bounded, then
smoothness follows by the exact same argument as that used in the proof of The-
orem 4.6. The first integral is bounded by [|(x — E)l2,—1/2||®||2,~5/2, and the
third, fifth and seventh integrals are bounded since Véoo is compactly supported.

Suppose g € Gy, then Lemma 5.2 gives a bound for the second integral:

/ 50 oik o Jl Vkvlgw —V; Vk(g]z)\/g) - (1)0)

(M) [1€ssloc0(X + [lg = Gll22,-1/2 + 17°[|2,-3)

< (M) [l8scllocn(X + g = gll22, 12 + 77 11,2.-5/2).
The fourth and sixth integrals are then bounded similarly:

/ €2Vl — ;) < ¢ [|ésollooo(IT7||1,—3 + €V A1 + [|AVe][1,-3)
M

< clléclloo.o (I ll2.-s/2llmll2. 572 + llellz—3/2l V Allz,—3/2

[ Allo, /2l Vellz—s/2),

| 9B - 0,) < clclmol Avel s
M

< cléscllocoll Aellz—s ol ll2,—a2-

Note that ¢ is smooth and bounded, so it follows that ||| is bounded. Since

the regularised Hamiltonian is locally bounded, smoothness follows.

Next we establish the validity of (6.16), by again considering the seven inte-
grals in (6.15) separately. Since &o — € € W212/2, Theorem (6.2) allows us to write

the first integral as
/M(fu b,p, [) - D& — €. (6.17)
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The variation of the second and third terms combine to give

/ {éi’ﬂw 0§ (Vihig = Viha))V/ G — V(L (VI hiy — Viteg h))y/g
M

+ V' (hi V€, — try hVi€R )/ — (b, b, f) - DO'[EL]], (6.18)
where the two middle terms in (6.18) arise from the difference,
(h,b,p, f) - DB*[E0] = €2, - DB[h,b,p, fl;  see (6.12), (6.19)

Note that the third divergence in (6.18) is compactly supported, so it follows that

its integral vanishes. Next consider the second term in (6.18):

V(% (Vihij — Vitrg h)y/g = Vi(g™ 00" (Vihi; — Vih) (Vg — V/9))
Vi(9"€%, 9" (Vihi; — Viha))V/§
= V(g™ g (Vi — Vih) (VG = V/9))
+ W((gik — §™MEL G (Vihij — Vihy)

+ g% Agogﬂ(vzhij - Vz'hjl)> \/5

We now consider the final term in the above expression, which is also the dominant
term:

Vi (G50 7 (Vihy; — Vihit)) = Vi (G (67" — ¢ (Vihij — Vihy)

o0

+ 5 PN (Vihy — Vihji))

Vi (G5 (Vihiy — Vihy)) = Vi (9% €L (Vi — Vi) — (Vi — Vi)hy)

G* G (Vihi; — Vihy)).

Note that the final term in the above expression agrees with the first term in (6.18)

and therefore cancels. Assembling the pieces above allows us to write the first two
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terms of (6.18) as follows:

_j{ ( ik £O Jl(Vlh” — V. h]l \/—_ \/_ )Agogjl(vlhij - th]l)\/g

oo

+ G L (V %>h@~j—<vi—%>hﬂ>¢§)d8k. (6.20)

Recalling that g = § + o(r~'/?) is continuous, and employing Proposition 3.8 we

bound the terms in (6.20) as follows:

/(é 9" ¢ (Vihiy — Viha) (Vg — V/9)dSk
R
< cllsolloosnll VRI1:sR VG = VGl oisn
< ésolloosn IVl 155 + TR ]1:52)11v/G = V/0lloo:5n
= R'2(||hl|ag,—1/2 + |hllocisnllg — Gll2.2,—12)0(R1?)
= 0(1)7
j{ (gik_g ) Jl(vl ij Jl \/_dSk
Sr
< clléoclloosp VAl 1:5R1lg — Glloc:sn
= RY2(||hl|ag—1/2 + |Bllocisnllg — Gll2.2,—1/2)0( R™1?)
= o(1),
j{ GFGE (V) = V) hij — (Vi — Vi)hi)\/§dSy
SR
< c|léollooisnl Tl s | el oo

=o(1).

Since the integrand in (6.20) is clearly VVZOC, Lemma 5.5 ensures that the surface

integral at infinity vanishes. It then follows that (6.18) reduces to

- / (h.b.p, f) - DB (6.21)
M

where D®g is the formal adjoint of D®g; not to be confused with D®y.
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Similarly, the variation of the fourth and fifth terms in (6.15) are

/ {M S p}) + 2V () — 2V(ELp}) — 2V (n sl
M
Vileabjel) + Vil€elt)) — Vil £a6L.AS) (6.22)

- (h7b7p7f>D(I);k[Aéo] )

H—/

where all but the first two terms come from (6.12).

Since 7, p, € and f are densities, the divergences above in (6.22) are inde-
pendent of the connection used. It follows that the first four terms cancel exactly.
The remaining divergences are identical to the form of By considered earlier, and
therefore vanish by the same argument. The variation of the fourth and fifth terms

n (6.15) then reduce to
- [ () DO(g Am eI (6.23)
Finally, the variation of the sixth and seventh terms in (6.15) are given by
[ VL) + L) — (b ) DEIEL (6.24)

Since f is a density, the divergences again do not depend on the connection and

therefore the first two terms in (6.24) cancel exactly, leaving

- [ (hbop - DO (6:25)
M
Combining (6.21), (6.23) and (6.25) establishes (6.16). O

Heuristically, the modified Hamiltonian is a Lagrange function; critical points
of the Hamiltonian should correspond to critical points of £, - P, subject to the
constraints being satisfied. In light of Theorem 6.3, it is expected that these

critical points correspond to initial data, (g, A, 7, e) € F, with nontrivial solutions
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to D®*[¢(] = 0. While corollary 4.12 states that D®* has trivial kernel, this is
only when D®* is considered as an operator on L? /2- If the domain of D®* is
extended to allow £ to be nonzero at infinity, then the kernel is no longer trivial;

recall, if D®7

(sAnolE] = 0 for some ¢ # 0 then (g, A,7,¢) is a stationary initial

data set. Furthermore, if £/ is parallel to P#, unit speed and future-pointing, then
oo P =m+ V.- Q. This motivates Theorem 6.6 below, which is established

by rigorously constructing the aforementioned Lagrange multipliers argument.

For this, we need the following generalisation of the method of Lagrange

multipliers to Banach manifolds (see Theorem 6.3 of [11]).

Theorem 6.4. Suppose K : By — By is a C' map between Banach manifolds,
such that DK, : T,By — Tkw)Bs 1s surjective, with closed kernel and closed
complementary subspace for all u € K=1(0). Let f € CY(By) and fix u € K~1(0),

then the following statements are equivalent:

(i) For all v € ker DK,,, we have
Df,(v)=0 (6.26)

(i) There is X € T}‘((U)Bg such that for all v € T, By,
Df.(v) = (\, DK,(v)), (6.27)

where () refers to the natural dual pairing.

The proof of Theorem 6.6 will also require the following lemma, showing that

if £ € ng, then f = D®*[{] satisfies the hypotheses of Theorem 4.10.

Lemma 6.5. For (g, A,m,e) € F and £ € Wzo’f, we have

Doy[¢] € 112—5/2(52 ® A*(M)), Do [¢] € L2—3/2(TM ®g® A (M)),

D[] € W, (Sa), D®:[E] € Wi, (T"M ® g).
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Proof. Recall that foo is smooth, Vfoo has compact support and ||§A’oo||oo,0 is finite.

Since & —éoo € WEf/Q, it follows that we have @5 ew'?

32 and the usual weighted

inequalities give the following estimates:

1D®; (€l ll2-5/2 < (N llooo (17212572 + | B2l 572 + B2, -s2
+ || Ricll2,—5/2) + | X o0 IV ll2=5/2 + [V Nll2, 5/
X s apallells, s )
< c(l1€llooo (1 + lImlhaa2) + 1B o a2 + 1 BI o s

+ || Riclla,—5/2) + IV2N 2,52 + HXH1,2,—3/2H€H1,2,—3/2>v

DD [E]l2,—3/2 < C(||N||oo,0(||%B||2,—3/2 + T Bll2,—3/2 + | BAell2,-3/2)
+ 11X lloe.0l | Vellz, 372 + VN la0]| Blla,-s/5
+IVX laollells—s/2 + ||V||oo,o||5||2,—3/2>
< C(HEHoo,o((l +[1Vgllao + [ Aellao) | Bll12.-3/2
+llelli2,-s/2) + ||ﬁ§||1,2,0(||€||1,2,—3/2 + ||B||1,2,—3/2)>
< c(l1€lloen (1 + 1Vgllaz.-3/2 + 1 Ael2-1/2) | Blls 2.2

+ llelliz—s/2) + IVElI120(llell12,-3/2 + ||B||1,2,—3/2))>

IV (DPLE])|2,—5/2 < C<||N||o<>70(||%g||4,—3/2||7T||4,—1 + V7 )l2—5/2)
+ VNl allmlla -2 + [IV2X |2, 52
VX |41V glla—s/2 + ||X||oo,o||¢29||2,—5/2>
< (€0 (1Vll.-s/2l17ll12,-572 + [Vl 572
+[IV2gll2,—s/2) + V> X |25/

+ V€2 -1 (lImll12,-3/2 + ||V9||1,2,—3/2)>-

Note that we must keep track of raising and lowering indices above, as derivatives
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of g are important. We have also made use of the identity ¢ det(g) = det(g)g"dg;;.

Finally, we have

IV (DDZ[€])|2.—5/2 SC(HNHoo,o(\|%9|’4,73/2H€H4,—1 +[|Vell2,—s/2)
+ IVN[latllelass + 1 X llso0l V2All2,5/2
+ VX[l 1 [V Alla 52 + VX2, 2| All oo, 172
IV loool V2 Aell2, =572 + IV V |0l V Ael|,—52
+ ||62V||2,—1||A%||oo,—3/2)
< C(HfHoo,o(’|%9\\4,73/2H€H4,71 + || Vell2,—s/2
+[IV2Alla—5/2) + V&l -1 (el 2572

IV ANz, 32) + IV, 2l All22172).
and applying the weighted Poincaré inequality completes the proof. O

The main result, equating the validity of the first law with stationary solu-
tions, is a corollary of the following Theorem. We will make use of the shorthand,
G = (9,A,m,e) € F, to indicate the point that we are linearising about, as this

will be important in proof below.

Theorem 6.6. Take G € F such that ®(G) = s € L'. Let £, € R¥' @ g be fized
and define the energy functional E € C*(C(c)) by

E5(G) = & - P(G). (6.28)
The following statements are equivalent:
(Z) For all (ha b)p7 f) S TGC(S);

DES*[h,b,p, f] = 0. (6.29)
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(i1) There is £ € ng (A°(M) x TM x g) satisfying
DdL[e] = 0. (6.30)

Proof. First we show (i) = (éi): that is, assume (i) holds for some fixed s
and G = (§, A,7,8) € F. Fix some & € W27, and define f(G) = H(G;€) and
K(G) := ®(G) — s; these maps satisfy the hypotheses of Theorem 6.4. Note that
TeC(s) = ker(D®¢) = ker(DK¢) and we have D fg = 16nDE¢ on T¢C(s). It fol-
lows that statement (i) of Theorem 6.6 implies statement (i) of Theorem 6.4, and

therefore there exists A € N such that for all (h,b,p, f) € TaF,

Dfglh,b,p, f] = (A, D®g[h, b, p, [])

:/ A~ D®s[h, b, p, f].
M

Now from Theorem 6.3, we have Dfg[h,b,p, f| = — [ (h,b,p, f) - DPL[E]. In

particular, we have

- [ (nbp.s)- DBl = [ A D@l bp 1) (6.31)
M M
for all (h,b,p, f) € TgF. That is, A satisfies
DOL[N = —DPL[¢] (6.32)

in the weak sense.

Now by Lemma 6.5, (6.32) satisfies the hypothesis of Theorem 4.10 and
therefore A € Wf’f/z(/\o X TM x g ® A%) is a strong solution to (6.32); i.e.,
E:=\+fe W;j satisfies

Do[¢] =0, (6.33)

strongly. That is, G is a generalised stationary initial data set with generalised

Killing vector, £, and we conclude (i) = (it).
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Conversely, assume D®%[¢] = 0 for some & € ng and G € F. For all
(h,b,p, f) € TcC(s), we have

167 DES®(€)[h, b,p, f] = DHa(E)[h, b, p, f]-

Now from Theorem 6.3 we also have

DHE(E)lhbop. f] = — / (h.b.p. f) - DB =0

M

for all (h,b,p, f) € T F. It follows that

167TDEG(£)[h7 bvp> f] - DHG(&)[}% bvpa f] =0
for all (h,b,p, f) € TcC(s). ]

A result of Beig and Chrusciel [13] states that if a Killing vector, &, is
timelike at infinity, then it is asymptotically proportional to P* = n**IP,, where
1 is the Minkowski metric. Recalling that the mass is given by m = \/TWP“,
and rescaling § appropriately, we can write m = /. IP,. From this, the following

Corollary of Theorem 6.6 is obtained.

Corollary 6.7. Suppose G € C(s), s € L' and P* is a past-pointing timelike

vector in the spacetime, then the following statements are equivalent:
(Z) For all (ha b7p7 f) € TGC(S);
DmG[hvbapaf]+VOO'DQG[hab7p7f]:07 (634)

where m is the mass, QQ, is the Yang-Mills electric charge and Vi € g.

(i) G is a generalised stationary initial data set with infinitesimal symmetry, &,

in the sense DOF[E] = 0. Furthermore, £ is proportional to (P*, —mVZ2).
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Proof. Assume (i) holds. Let &, = —L(P*,—mV*?), normalising &% to be a
future-pointing unit vector. We have E< = £°P, = m + V2(Q,, and condition (i)
implies that DEs*[h, b, p, f] = 0 for all (h,b,p, f) € TaC(s). It follows that (ii) is

an immediate consequence of Theorem 6.6.

Conversely, assume condition (i7) holds, then by rescaling if necessary, we
again have &, = —=(P*, —mV*®). From Theorem 6.6 we infer DES[h,b,p, f] =0
for all (h,b,p, f) € TcC(s), and therefore (i) holds. O

6.3 With an Interior Boundary

In this section, we show that the full first law gives a condition for stationarity
when the Cauchy surface has a closed 2-surface interior boundary. It may then
seem natural, to repeat the analysis of Chapter 4 on a manifold with boundary.
However, the analysis of PDEs on domains with boundary is significantly different
from the case of no boundary, and much of the analysis runs into difficulties.
It may be possible to use weights to control the behaviour of functions as they
approach the interior boundary, however this approach also has difficulties. These
problems are circumvented entirely by considering the same phase space as in the
previous case, but only considering evolution on a single end. Specifically, we will
consider evolution on My, defined in Chapter 5 (above (5.7)), and let ¥ be the

interior boundary surface.

In the preceding section, the variation of the mass and charge arose as a
boundary term at infinity from the difference, (h, b, p, f)- D®*[¢] —&- D®[h, b, p, f].
As we are concerned with the evolution on Mg, boundary terms are also present
on Y. It is shown that under suitable boundary conditions for &, these extra

boundary terms correspond to the remaining terms in the first law.
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Consider now, the Einstein-Yang-Mills pure constraint Hamiltonian on Mj:

ﬂgEYM(gaAaﬂ-vg) = //\/1 @(Q,A,W,e) : f (635)

We first note that this Hamiltonian is a smooth function on the phase space.

Proposition 6.8. The map 7:[EYM . F x N* — R is smooth in the sense of

Fréchet differentiability.

Proof. This follows directly from the proof of Proposition 6.1 without modification.
O

The following proposition, analogous to Theorem 6.2, demonstrates that the
pure constraint Hamiltonian gives the correct equations of motion, when & vanishes
at infinity and on the boundary. Recall, we use Wf P to denote the completion of

O with respect to the W, norm.

Proposition 6.9. For ¢ € sz/z (A%(Mo) x TMo x g ® A°(My)), we have

D,}:[gEYM ’ (ha bapv f) - M D(I)*[g] ’ (h7b?p7 f)’

for all (h,b,p, ) € Tigane)F.

Proof. This also follows easily from the previous case. We must show

¢ DB, b,p, f) =/ (h.b.p. f) - D],

./\/lo MO

which amounts to proving that the boundary terms arising from the integral of
equation (6.12) vanish. The boundary terms at infinity are exactly those consid-
ered in the previous case so these terms vanish by Theorem 6.2. By hypothesis,
¢ and %f vanish on Y in the trace sense so the boundary terms arising on 3 also

vanish. O
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Proposition 6.9 is equivalent to the statement that this Hamiltonian gives
the correct equations of motion. However, since £ represents the evolution vector,
Proposition 6.9 pertains only to the evolution of data that is fixed at infinity and
on Y. Without these boundary conditions, the cumbersome boundary terms from
(6.12) do not vanish in general. However, if (g, A, 7, ¢) is a stationary, axially
symmetric black hole initial data set that intersects the bifurcation surface of a
bifurcate Killing horizon, then these boundary terms have an interesting geometric

interpretation.

Let &" be the stationary Killing vector which is future pointing and unit-
timelike at infinity, and let ¢ be the axial Killing vector with 27-periodic orbits,
tangent to the Cauchy surface. Further, suppose that ¥ is the bifurcation surface
of the black hole. It is well known that there exists a constant, €2, such that
&' 4+ Q¢ = 0 on X; the angular velocity of the black hole. The zeroth law states
that the surface gravity s is constant on the horizon, and in some sense there is
an analogous Yang-Mills zeroth law. That is, the electric potential is constant on

the horizon under appropriate gauge conditions [7].

The boundary terms at infinity from (6.12) are the same as those in the
preceding section, so we need only examine the terms arising on Y. Since ¢
is tangential to the embedding of M in the full spacetime, the condition on X
becomes N = 0 and X = —Q¢. In particular, X is tangential to ¥, so the

boundary terms reduce to

- f ((VI(N)hij — try AVi(N)V/G — 2X7pij + VO fui
b

— 2 b X 4 £l X7 + fia X7 AG) 0. (6.36)

The negative sign outside the integral serves as a reminder that the normal vector

we use is the negative of what appears in the divergence theorem, when applied

to (6.12).
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The surface gravity is given by xk = nZVZ(N ), which is evaluated on ¥ [57],
and since it is constant on a bifurcate Killing horizon, VN is normal to X. Making
use of co-ordinates adapted to X, the first two terms in (6.36) can be interpreted

as follows:

_ ]{ (%j(N)hij — trgh@i(ND V9dS"
_ _ji (gj?’@g(]\f)hijni — hi%(N)) V9dS
_ f Vy(N)hA\/GdS

= 2KdA, (6.37)

where the index 3 refers to the direction normal to ¥ and A = 1,2 indicates

tangential indices.

The Yang-Mills contribution to the first law comes from the expression,

- ]f Ve fan — Vg8 ]4 fani — 162Vas - dOs,
> >

where we have assumed the gauge condition ensuring V' = Vs, € g is constant on
the horizon. The remaining terms in (6.36) are proportional to the variation of

the angular momentum:

~ 1 . i . o i Can i
dJ = dJ¢ = _]_6_7T 2(2925]]?1‘]‘ + 27Ti hjkgbj — 5iabj¢] — fiaqS]Aj)n .
Since that on the horizon we have X = —()¢, it is clear that these remaining terms

equal —167(2 times the variation of angular momentum of >.

Recalling that the boundary terms at infinity give the variation of the mass
and the charge at infinity, we find that the combined boundary terms from (6.12)
equal

167 (dm — 8idA —QdJ — Vs - dQs, + Vi - dQuv). (6.38)
T
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This suggests that the differential relationship given by the first law (2.18) must
hold, in order for the pure constraint Hamiltonian to give the correct equations of
motion. This has been rigorously established by Ashtekar, Fairhurst and Krishnan,
where the evolution is considered exterior to an isolated horizon [7]. However, we
take a different approach to these boundary terms and the first law plays quite
a different role here. As in the previous section, we redefine the Hamiltonian a
la Regge-Teitelboim by adding boundary terms, making the equations of motion

valid more generally.

Fix foo, fg and fref, as in the preceding Chapter, with EZE tangent to X,
é% = & € g constant, and é% = 0. These boundary conditions will be assumed
throughout the remainder of this thesis, unless stated otherwise. Recall the spaces,
L% (5.20), W;e’: (5.21), which we use to enforce the boundary conditions and

Eref
asymptotics. For & € L2 _we define the modified Hamiltonian,

ﬁ%T<ga A77T78) = 167‘-(500 : PI + j§ - énga) o M g : (I)(gv A77T’8>7 (639>
0

where P’ is defined by equations (5.22)-(5.24). As in the previous section, this
Hamiltonian is not well-defined on the entire phase space; both integrals diverge
in general. However, as the surface integrals at infinity are identical to those
considered in the previous section, the dominant terms at infinity still cancel out
and a regularised Hamiltonian is defined everywhere on F. By construction, the

regularised Hamiltonian has almost identical form to (6.15):

7:[6(97 A7 ™, E) = / (gref - O + / refglkgjl Vk%lg’bj - %Z%k(g]l)\/g - ®0)
Mo
+ / iV ko (Vigiy — Vigi) V9
Mo
+ gref(Q%jﬂ-zj + %j(giA?) - (I)Z) + / (27T + 5] Aa) ]gref
Mo

b v eyt / Eiv.ée,. (6.40)
Mo
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which is again defined for each £ € Lg - The additional terms appearing in
this Hamiltonian are momentum terms for the Yang-Mills fields. As they do not
contribute anything at infinity, they were not included in the preceding case (recall

the discussion under the definition of P, (5.23)).

Proposition 6.10. The reqularised Hamiltonian, H:FxL: — R, s well-

ref

defined and smooth.

Proof. This is almost identical to the case where the Hamiltonian is defined over
M rather than M. The estimates used in Theorem 6.3, to show that the previous
regularised Hamiltonian was well-defined and smooth, are still valid on M, as the
weighted Sobolev and Hoélder inequalities are valid on a manifold with boundary.
All that remains to be established, is that the additional terms, [, € V(] A9
and [ Mo 5&Af%jfﬁef, are locally bounded, and then we conclude that 7 is smooth.
The latter term is bounded since %éef is compactly supported, and for the former

we have

[1&et V(€A)[[1,—3 < l|éretl|oc,0 (I VE|2,=5/2/| All2,—1/2 + [I€]l2,=3/2| VAll2,~3/2)-

The new Hamiltonian contains all of the quantities arising in the first law
except for the area term (see 6.39), which is not included since kdA is not the first
variation of any quantity; £ depends explicitly on g, and therefore d(kA) # rkdA.
This is an obstruction to generating the correct equations of motion from our new
Hamiltonian, which is evident in the following Proposition, analogous to Theorem

6.3.
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Proposition 6.11. For ¢ € Wg’z, the variation of the reqularised Hamiltonian is
ref

given by

DR h,bp f) = = § (V) = tri9(€%) VS

— [ D] (h,b,p, ). (6.41)
Mo

Proof. As in the proof of Theorem 6.3, we consider the terms in (6.40) separately.

By Proposition 6.9, the variation of the first integral in (6.40) becomes

/ (h7b7p7f>'D(I)*[éref_€]'
Mo

The variation of the second and third terms combine (cf. (6.18)) to give

/M { Zkv (frefg ( Jl \/_ VZ ref hl] _v@ tr!] h))\/§
0

V(i V€ — try AV VG — (b, ) DRIEL. (6.42)

Then the first two terms in the above combine to give a total divergence (cf.

(6.20)),

- fM vk (glkgrefg]l(vlh%] - V; h]l \/_ - \/_ )frefg (vlh’lj vlhﬂ)\/g

+ "5 € (Vi = Vi)hsy — (Vi - %hﬂ)ﬁ), (6.43)

which is rewritten as surface integrals, both at infinity and on Y. The integral at
infinity is identical to that considered in the proof of Theorem 6.3 and therefore
vanishes by the same argument, while the surface integral on Y vanishes since
€2 = 0. The third term in (6.42) is again a divergence, but only gives a boundary
term on X since %éref has bounded support. This boundary term on X is then

exactly the surface integral in (6.41).
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The variation of the fourth and fifth terms in (6.40) give

/ {QV (Srefp]) + 2%]( refﬂ-]khkl) + V ( ba gef) + vl(fl gean)
Mo

- 2v (frefp]) - 2v <7T hjkgref) (8 ba ref) Z(fz ﬁean) (644>

+ V ( ;ef‘g]ba) (ha b>p7 f) D(I)*[ ref]}

which only differs from (6.22) by Yang-Mills angular momentum terms. Since p,
7, f and € are densities, the divergences above do not depend on the connection
used and thus the first two lines in (6.44) cancel exactly. The remaining divergence
is exactly of the form of Bs, used in the proof of Theorem 6.2, and therefore the

surface integral at infinity vanishes by the same argument. Since f is tangent

ref

to 2, the surface integral on ¥ also vanishes, and the variation of the fourth and

fifth terms in (6.40) become

- / (h.b,p, f) - DBI[EL]. (6.45)
Mo

The final two terms in (6.40) are exactly the same as those considered in Theorem

6.3 and therefore cancel identically, leaving

- / (hb.p. f) - DBLER. (6.46)
Mo

Assembling all of the pieces completes the proof. n

It is interesting to note here, if both £° and @fo are set to zero on on X,
then the regularised Hamiltonian does indeed give the correct equations of motion.
In particular, if we consider evolution vectors, £, that are supported away from
> then the evolution is Hamiltonian. However, the fact that the evolution is
not Hamiltonian is tangential to this thesis; we simply use the Hamiltonian as a

Lagrange function.

We are now in a position to prove the main result of this section:
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Theorem 6.12. Let (g, A, w,¢) € C(s), where s € L', and suppose there exists a
vector field, ¢ € W22, tangent to ¥ with D[], D®*[¢] € WE’IZ/Z(MO). Further

oc ’

suppose that for all (h,b,p, f) € T(g.4xC(5),

Dm(g,A,?r,a) [ha b7p7 f] =aD Area’(g,AﬂT,E) [ha b7p7 f] + BDJ(f) (9,A,m,€) [h7 bu b, f]

+ s DQE (9,A,m,€) [h7 b7p> f] — Yoo DQoo (9,A,m,e€) [h7 ba D, f]7 (647)

where o, 5 € R and vs,7 € g are constants. Then (g, A, 7€) is a generalised
stationary initial data set. Furthermore, ~v is the electric potential, and if ¥ is the
bifurcation surface of a bifurcate Killing horizon, then 8w« is the surface gravity

and B is the angular velocity.

Proof. Assume (6.47) holds at some fixed point G = (g, A, 7,&) € F. Then fix &

such that it satisfies the following boundary conditions:

o ¢! corresponds to a future pointing unit vector at spatial infinity in the

spacetime that is proportional to P,

~

e £, is constant at infinity and on X, with values {2 = 7% and & = 74,

% '
e & vanishes on X,

o (=P on ¥,

o 0,(£2,)7" = 16mar on 2.

ref

We use n to denote the unit-normal with respect to g, pointing towards infinity
in My. Note that the condition on &£ implies {4 P, = m, and the conditions
on «,  and « ensure that they correspond to the appropriate physical quantities

mentioned in the statement of the Theorem.

Now for some & € W; 2 define
ref

f(G) :=HE(G) — 16ma Area(Y), (6.48)
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where G = (g, A, m,¢) € F. We again let K(G) = ®(G) — s, and note that for all
constrained variations, (h,b,p, f) € ker(DKg) = T5C(s), we have (see 6.39)

DHE[h, b, p, f] =167 (& - DP5[h, b, p, f]+ DJE, b, p, f] — ££D Qs [0, b, p, f])
=167 (Dmg[h, b, p, f] = BDJ,a[h, b, p, f]

— Tz DQEé[h7 b7p7 f] +7<>o ' DQooé[h7b7p7 f])

By hypothesis (6.47), we have Df@[h,b,p, f] =0 for all (h,b,p, f) € ker(DKp).

It follows from Theorem 6.4, that there exists A\ € A such that
Dfg=(D®g ) ; (6.49)

that is,

Dfalh,b,p, f] / D[k, b,p, f]- A, (6.50)

for all (h,b,p, f) € Tz F. However, from Proposition 6.11, we have

Dl bp, f] = — 74 (V3 () h; — tr,hV5(€%)) /gdS" (6.51)

— D®*[€] - (h,b,p, f) — 16raDg Area(X)[h, b, p, f].
Mo

As 9;(€°)n' = 16ma on X, the first and last terms cancel exactly (see (6.37)),

leaving

Dfgliubpf) == [ by ) DV (6.52)
0
that is,
_ / (h,b.p, f) - DPL[E / D®[h,b,p, f]- A\, (6.53)
Mo
for all (h,b,p, f) € Ty F
Since the first integral in (6.53) is over My, rather than M, Theorem 4.10

does not directly apply. Instead we extend D®%[E] by zero, noting that the hy-

potheses on D@*é[qb] ensure that we can do this without losing regularity.
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Define the function

—Dox% M
’l/} = (1/}17 w27 1?3##4) = G[g] o " . (654)

0 otherwise

We then have
/ W+ (hybp, f) = / D[k, b, p, f]- A (6.55)
M M

for all (h,b,p, f) € TzF. By Lemma 6.5, we have ¢ € L2_5/2(M) and 3,1, €

w2 (M) and DO%L[A] = ¢ in

“3/5(M) and therefore Theorem 4.10 gives A € W22

~1/2
the strong sense. It then follows that D@*G[f] = 0 on My, where € := £ + ) is the

generalised stationary Killing vector. O

Note that we have D®%[A] = 0 on M\ My, so Theorem 4.11 implies A =0
on M\ M. It then follows that £ = ¢ = —f¢ on ¥, and in particular we have
that é + [¢" vanishes on ¥. It is interesting to note that while we do not assume
that X is a horizon in the above theorem, the conclusion that £ + 8¢ vanishes

on X gives us the following corollary:

Corollary 6.13. If the hypotheses of Theorem 6.12 hold and (g, A, 7, €) is azially
symmetric with axial Killing field, ¢, then X is the bifurcation surface of a bifurcate

Killing horizon, where 8ma is the surface gravity and (8 is the angular velocity.

Proof. This is an immediate consequence of the fact that if a Killing field vanishes
on a spacelike 2-surface then that surface is the bifurcation surface of a bifurcate

Killing horizon (see, for example, Chapter 5 of [59]). O

Remark 6.14. By virtue of the fact that D®*[¢] = 0 for a Killing vector, £, we do
indeed have D®%[¢], D®*[¢] € Wi’f /o(Mo) when ¢ is the axial Killing vector.
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6.4 Multiple Asymptotic Ends

In Section 6.2, we assumed M had only a single end, however a more general
result holds when M has many asymptotic ends. In this case, the analysis is
identical, however it is discussed separately for the following reasons: in this case,
interpretation of the main result is not obvious, and the case of particular interest,
when M has a single asymptotic end, is somewhat obfuscated. Note that we only
include a short discussion on this case as it is not of particular interest to the

thesis.

Let M be asymptotically flat with k£ ends. The constant translation near
infinity, éoo, may now differ between each asymptotic end. Specifically, let éoo be
asymptotic to &,oc € R*! @ g on the n-th end, in the same sense as the preceding
Sections. Defining P, (g, A, 7,¢) € R>' & g to be energy, momentum and electric
charge of the n-th end, the sum of the volume integrals (5.16)-(5.18), which defined
€LP, in case (a), gives Z,’zzl P, &8 In this case, the appropriate energy function
for Theorem 6.6 is B = " P, ,&% . The space sz is replaced with Wgzgyj :
of & asymptotic to &,,, on each respective end. By repeating the arguments of
Section 6.2 with only superficial modifications, one arrives at a slightly revised

version of Theorem 6.6:

Revised Theorem 6.6. Take G € F such that ®(G) = s € L'. Let &, € R* &g
be fixred and define the energy functional E € C*(C(c)) by

n
E=(G) =) PG (6.56)
n=1
The following statements are equivalent:
(Z) For all (ha b)p7 f) S TGC(S);

DEg[h,b,p, f] = 0. (6.57)
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(ii) There is &€ € W2 (A°(M) x TM x g) satisfying

DL E] = 0. (6.58)

The problem with interpreting this result, is that for many choices of the &,,s,
neither condition, (¢) or (i), will ever be satisfied. Consider the following example:
let &0 = 0 for all n # 1, and &} be a timelike vector. Then B =my + VP Q1
where mq, V| and ), are respectively the mass, electric potential and total electric
charge viewed at infinity of a chosen end, M;. From the revised version of Theorem
6.6, we find that solutions where dm; + V{*dQ,, = 0 are those with symmetries,
£, that vanish on every end except M;. That is, £ is asymptotic to &,.c = 0 on
each end, n # 1. However, Theorem 4.11 implies that if £, satisfying D®*[{] = 0,
is asymptotic to zero on a single end, then £ = 0 on M; that is, for this choice of
the &,s, condition (i7) is never satisfied. It then follows that there is no choice of

initial data satisfying dm, + V*dQ1, = 0.

6.5 Concluding Remarks

It has been demonstrated that the first law of black hole mechanics provides a
condition for a solution to the Einstein-Yang-Mills equations to be stationary. In
the case where we consider evolution exterior to a boundary, we do not assume
that the boundary surface is a horizon; we only assume that there is a kind of
symmetry of the metric and 3-potential that is tangent to the surface. We further
conclude that if differential relationship pertaining to the first law is satisfied, for
axially symmetric initial data, then the boundary surface is the bifurcation surface

of a bifurcate Killing horizon.

In establishing these results, a suitable manifold structure for the Einstein-
Yang-Mills phase space has been provided, and we have proven that the space of

solutions to the constraints is a Hilbert submanifold; this is essentially equivalent
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to the property of linearisation stability. We also provide a Regge-Teitelboim
style Hamiltonian that gives the correct equations of motion, provided that the

evolution is considered away from the boundary surface.

We specifically consider the Einstein-Yang-Mills equations here as they gen-
eralise the Einstein-Maxwell equations, which is the framework for the usual first
law of black hole mechanics. However, there are versions of the first law for
other Einstein-matter systems and for modified gravity theories. The arguments
presented here almost certainly extend in a natural way to many of these other

versions of the first law.






Appendix A

Curvature Computations

In this appendix, we explicitly write the Riemann curvature in terms of g
and ¢. This is particularly useful for obtaining the L? . /o curvature estimates used
throughout (Proposition 4.2). In the following, we make use of the Christoffel
symbols associated with both connections, V and V. We also make use of the
connection difference tensor, I' = T' — I'. We first write the Riemann curvature of
¢ in terms of the Riemann curvature of §, and T':

Ry =0T}, — Ol + Dy T — T,
=R'ju + 0, I3; — oL}, + T, 07 — T4,

N T ni T i TN ~i T
+ UL + Ui Iy + 1 Uy 4+ T T

The standard technique of fixing a point, p, and choosing coordinates such that

I' =0 at p gives us the tensorial equation,

Rijk;l = }O%ijkl + 6]@1;% — ﬁfzj + f%RNZ - T NZj? (Al)

in

101
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which must be valid for any coordinate system and since p was arbitrary, this must

hold everywhere. We now write this in terms of g:

R :éijkl + %[Vk(glm)(vlgm] + %jglm - %mglj)
+ gim(%kﬁlgmj + %k%jglm - %k%mglﬂ
= V(g™ (Vigmj + Vigkm — Vinge))
+ 9" (ViVigmi + ViVigm — ViVingi;)]
- igimg"”(%gmn + Vgim = Vinin) (Viges + Vg — Vi15)

+ Zgzmgnp(vlgmn + Vodim — Vingin) (Vigp; + Vigip — Vpgi;)-

We are also interested in the expression for the scalar curvature,

o

R=R+ (¢" — "Ry, + %gﬂ [%k(gkm)(%lgmj + Vigim — Vingij)
+ "™ (ViVigmi + ViV, — ViVimgi;)
= Vi(g"™ (Vigmj + Vigkm — Vingi;)
+ gkm(%l%kgmj + 6l%jgkm - 6lﬁmgkj)]
+ igﬂgkmg"p(%kgmn + Vol — ﬁmgkn)(ﬁlgpj + %jglp - @pglj)

1 . i o o o o o
+ Zg]lgk g p(vlgmn + Vnglm - Vmgln)(vkgpj + ngkp - vakj)-

Making use of the symmetry of g, we can collect terms,

R=R+ (¢" = ¢") R + 6" 4" ViVigm; — 9" 9"V iV iGmp (A.2)
1 . , , .
+ 5931 (Vi @™ (Vigmj + Vigim — Vimgi;)

— %l<gkm)(%kgmj =+ %jgkm - %mgkﬁ]

1 . T o o o 5 5
+ Zg]lg’“ 9" (ViGmn + Vabim — Vingin) (Vigs + Vigip — Voaij)

1 . i o o o o o
+ Zgjlgk g p(vlgmn + Vnglm - vmgln)(vkgpj + ngkp - Vkaj)-
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We have explicitly gathered the second order terms to draw attention to the re-
lationship between the scalar curvature and the ADM mass. In fact, we have the

expression

R = %k (ékmélj%lgmj - .&klémp%lgmp) + O(T_g)’ (AS)

where we have included R in the o(r~3) terms. From here, the well-known con-
nection between the scalar curvature and ADM mass is evident. This connection
provides motivation for the Regge-Teitelboim style Hamiltonian modifications in

Chapter 6.






Appendix B

Bootstrapping Argument

Bootstrapping is a very useful technique used in the regularity theory of
PDEs. Essentially, we have an estimate that tells us that a solution to a PDE is a
little more regular than we knew a priori, then we may repeat the estimate with
the new ‘a priori’ regularity to boost the regularity further. In this appendix, we
include the remainder of the bootstrapping argument used in the proof of Theorem

4.10.

The initial estimates obtained are the following:

T« FeW?  TxFReW? Ts«Feli"

loc oc loc

T+0G, € W2, T x0G, € WH2

loc loc

From which, we bootstrap up to a VVlif estimate. All of the estimates in this

Appendix are considered on some coordinate neighbourhood, €.

Now, the estimate for I' x F3 gives us the weakest bound on u so we improve

that first. Taking € = 1/3, we have & € L¥3, and repeating the estimates that led

105
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us here gives

T % Fslloa7s < || % F3||1,24/13 < ¢||OL % F3||24/13

< |1 Fslaap13 < || Fsllsyz < [[€]|2][€]ls/3-

We have improved the regularity to & € I/Vllof/ > ¢ L3, and now I' * Gy has

loc?

apparently the weakest regularity, so we look at that next. Identical to the original

estimate for I' x G, we have
IT%0Gsl6 < ¢ % Ga)|l12 < ¢l|0°T % Gallz < ¢l|Gall2 < c|lbllll€lls < cllbll2ll€]ls-

Now I' x F3 again has the weakest regularity, and we have £ € WhAH/ o 25,

loc loc

Repeating the above estimate we have
|7 * Fallas < |1 * F3ll1,8/3 < c||[I1Fslls/s < cf| F3llaa/7 < [[€]|2][€]]24/5-

This makes I' x 0G1,T" * 0G, € Wllgf C L% the terms with the weakest regularity,

loc

. . . . 1,2
so we revisit their estimates. Since £ € W7 we have

[0G1]l2 < cl|€]]1.2

10Galls/2 < c(|b0E]l/2 + 1€0b1s/2) < c([bll6l|OEl2 + N6l Ob]l2)-

The initial estimates for I' * F}, " % F, can be applied again to obtain
[T % OG22 < c[|0G1]]2,

T % 0Gl2.3/2 < c|0Gs 32

At this point we have the following regularity for each of the terms:

T« F e W2 TxFeW2? TIxFew?

loc loc oc

T+ 0G, € W22, Tx0G, e W22

loc
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Combined, we have ¢ € I/Vli’f/ ® ¢ L?*. Another iteration of the I x Fy estimate

loc*

gives
T % Fslloo < cf|T % Fsll124/5 < || 11 F3|2475 < || F3|24/13 < [|€]|2]|€]]24-

Note that W?23/2 is the critical case for the standard Sobolev inequality, so we

have £ € LT for all 1 < p < co. We need one more iteration to improve this to

loc*

T * Falla2 < cf|Falla < cl[blls]|€]ls < cl|bll12]€]]3

|1 * 0Gall2,5/3 < ¢l|0G2||573 < e([[b]|10/0]|9¢ /3 + [|0b]|2][€]|10)-
Finally we have

[T % 0Gall2z < cf|0G2l2 < c([bll6|0€]s + [[0bl2]I€]l0)

T % F3lla2 < cf| F3ll2 < cl|é]l2]|€]] oo

and can thus conclude £ € VVfoc2
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